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Abstract 

The predictions of the Mirror Symmetry are extended in dimensions 
n > 3 and are proven for projective complete intersections Calabi-Yau 
varieties. Precisely, we prove that the total collection of rational Gromov- 
Witten invariants of such variety can be expressed in terms of certain in- 
variants of a new generalization of variation of Hodge structures attached 
to the dual variety. 

To formulate the general principles of Mirror Symmetry in arbitrary 
dimension it is necessary to introduce the "extended moduli space of com- 
plex structures" M . We show that the moduli space M is the base of gen- 
eralized variation of Hodge structures. An analog M — * (BkH k (X n ,C)[n— 
k] of the classical period map is described and is shown to be a local iso- 
morphism. The invariants of the generalized variations of Hodge struc- 
tures are introduced. It is proven that their generating function satisfies 
the system of WDVV-equations exactly as in the case of Gromov-Witten 
invariants. 

The basic technical tool utilized is the Deformation theory. 
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1 Introduction 

This work is devoted to the description of the collection of all rational Gromov- 
Witten invariants of Calabi-Yau varieties in arbitrary dimension via the invari- 
ants of a certain new generalization of variations of Hodge structures attached 
to the mirror dual varieties. 

The first discovery in this direction was the striking prediction made by 



Candelas, de la Ossa, Green and Parkes [COGP| for the numbers of rational 
curves on quintic threefold in P 4 in terms of the periods of some "dual" family 
of Calabi-Yau threefolds. 

These numbers of rational curves on quintic are the simplest examples of 
rational Gromov-Witten invariants. According to the theory of Gromov-Witten 
invariants (see [KMj) the collection of all rational Gromov-Witten invariants of 
a projective algebraic manifold Y is encoded in the generating function 



(Potential) Tit), t e H*{Y,C) 



(1.1) 



considered as series over the semigroup ring Q[B] where B is the semigroup of 
effective one-dimensional algebraic cycles modulo numerical equivalences. The 
total space of the cohomology groups H* ( Y, C) is considered here as a complex 
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supermanifold. It is convenient to choose a graded basis {A a } in H*(Y, C). Let 
us denote by {t a } the dual set of linear coordinates and choose some generic 
representatives {r a } of the homology classes dual to {A a } . Intuitively, the 
Taylor coefficients N(ai, . . . , a n ;j3) in the series expansion 

m= E -,N( ail ... ian -p) q H^ ...e- (1.2) 

n;ai,...,a n ;f3 

count the numbers of algebraic maps / : C — > Y where C is a rational curve 
with n marked points {x\, . . . ,x n } such that f(xi) G T ai and /*([C]) = /3 G B. 
However a lot of work is needed in order to give the precise definition for these 



numbers (see [ BM ) 



The conject ures of | COGP were partially extended to higher dimensions in 
[ |BvS|1 (see also | GMP |) where the formulas describing hypothetically a subset 
of the Gromov-Witten invariants corresponding to the restriction of the third 
derivative of the potential to the subspace of the second cohomology group 

d *nt) \ tmc) (i.3) 

were proposed. 

The next important achieveme nt was made by A . Givental (|Q) who has 



established the conjectures from | COGP | and [ Bv£ ] which allow to express 



d 3 J-(t)\ff2^Y,C) m terms of the classical periods associated with the mirror dual 
family. 

We construct a generalization of the classical periods map in order to find 
the expression for the whole generating function T{t). In other words the aim of 
our work is to identify the total collection of rational Gromov-Witten invariants 
for the Calabi-Yau varieties of dimension n > 3 with certain invariants coming 
from a generalization of the theory of variations of Hodge structure on the dual 
varieties. We prove the coincidence of the two types of invariants for projective 
complete intersections Calabi-Yau varieties and its duals. 

In section || the "extended moduli space of complex structures" M. is intro- 
duced. Let X be a complex manifold with trivial canonical sheaf. Let us denote 
by Jx the corresponding complex structure on the underlying C°°— manifold 
Xc» . Recall that the tangent space to the classical moduli space of complex 
structures at a smooth point is identified canonically with 7x). Ac- 

cording to Kodaira-Spencer theory a complex structure on Xc°° close to Jx is 
described by an element 7 G f2 0,1 (X, 73c) satisfying Maurer-Cartan equation 

a 7 + i[7, 7 ] = (1.4) 

The correspondence: complex structure J — ► jj can be described as follows. A 
complex structure on X may be defined as a decomposition Tr ® C = T © T 
of the complexified tangent space into the sum of complex conjugate subspaces 
which constitute formally integrable distributions (Newlander-Nirenberg theo- 
rem). A deformation of such decomposition corresponds to a graph of a linear 
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map T — » T, i.e. an element 7 G 17 0,1 (X, Tx). The equation ( |1.4| ) is the condi- 
tion of the formal integrability of T. The elements 7, 7' describing the equivalent 
complex structures are related via the action of the group corresponding to the 
Lie algebra fl°'°(X, Tx). The extended moduli space of complex structures M 
is described similarly by the elements Q 

7 6 ® p ^(X,APT x )[p-q-l] (1.5) 

satisfying the eq. fll.4j) . The technic of the deformation theory which allows 
one to associate the moduli space M. with the differential graded Lie algebra 
g = ® q , p tl - q (X,A p Tx )[p - g - 1] is recalled in §|. A trick from the rational 
homotopy theory (see jDGMSfl ) allows one to prove that the moduli space M is 
smooth with the tangent space at the base point [X] canonically isomorphic to 

® P;q m(X,AVTx)\p-q] (1.6) 

We demonstrate in §[T^ using the formality theorem from jKlJ that the super- 
moduli space M. parametrizes the A^— deformations of D b Coh(X). 

The section is devoted to the descrpition of the generalized period map. 
The condition ci(Tx) = implies that there exist nonvanishing holomorphic 
n— form Clx t , n = dimcV for every t s ^classical _ jf one g xes a hyperplane L C 
H n (X, C) transversal to the last component of the Hodge filtration F- n at the 
base point [Xq] then it allows one to define the classical period map M classlcal _> 
H n {X, C). It sends a point {£) of the moduli space of complex structures to the 
cohomology class of the holomorphic n— form £2^, normalized so that [O^J — 
[fixd e ^- The theorem^] and the proposition 4.2.4 describe a generalization of 



this map for the extended moduli space M.. Here W is an increasing filtration 
on the total sum of cohomology groups H * (X, C) complementary to the Hodge 
filtration. It turns out that our generalized period map 



IT :M->®kH*{X 1 £)[n-k] 1 n = dim c X (1.7) 

is locally an isomorphism. 

The map arises from a structure which may be understood as certain 
generalization of the variation of Hodge structures (genaralized VHS) having the 
moduli space M. as the base. This is explained in sections [|. We introduce also 
in this section the invariants of such generalized VHS. One of the important 
properties of these invariants is the fact that their generating function satis- 
fies the system of WDVV-cquations exactly as in the case of Gromov-Witten 
invariants. 

In the section ^| we prove that the rational Gromov-Witten invariants of pro- 
jective complete intersections Calabi-Yau manifolds coincide with the invariants 
of the generalized VHS introduced in section ^| which correspond to their mirror 
pairs. One reformulation of this result is the equality 



1 For a graded object A we denote by A[k] the tensor product of A with the trivial object 
concentrated in degree (— k) 
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where d^^T = J2 S g-ysC^Jr) is the third derivative of the generating function 
for rational Gromov-Witten invariants and II 2 (r) is the vector of generalized 
periods depending on the point of the extended moduli space Ai associated 
with the mirror dual variety. 

The importance of the problem of constructing a moduli space with the 
properties similar to M. for understanding the Mirror Symmetry phenomena 
was anticipated in [Wl|. It was conjectured in [K2 that such a moduli space is 
related with hypothetical moduli space of A^— deformations of D b Coh(X). The 
definition of the moduli space M. appeared for the first time in [BKj. The rela- 
tions of our results with homological mirror symmetry conjecture are discussed 
in §3.3 and at the end of §5.4. 

Acknowledgements. I am thankful to my dissertation adviser Maxim Kont- 
sevich for support and constant interes in my work. I would like also to acknowl- 
edge the stimulating atmosphere of the Institute des Hautes Etudes Scientifiques 
in Bures-sur-Yvette where this work was conducted. My research is supported 
by the Alfred P. Sloan Fellowship. 

All the moduli spaces which we consider are Z— graded manifolds, in other 
words they are supermanifolds with additional Z— grading on the structure sheaf 
compatible with the Z2-grading. To simplify notations we replace degf 2 by a 
in superscripts. 



2 Basics of deformation theory 



We recall here the basics of the Deformation theory which is the main technical 
tool used throughout the text. The material presented here is well-known to 
the specialists (see for example [ SchSt ] , | GM ] , [ Kl ] ) . The Deformation theory was 
developed in the work of a number of mathematicians (P.Deligne, V.Drinfcld, 
B.Feigin, W.Goldman and JMillson, A.Grothendieck, M.Kontsevich, M.Schle- 
ssinger, J.Stasheff ... ). Unfortunately many of their results remained unpub- 
lished for a long time. 

We assume that we work over a field k of characteristic zero. 



2.1 Moduli spaces via differential graded Lie algebras 

The principal strategy of Deformation theory may be described as follows. Given 
some mathematical structure Q A one can associate to A the differential graded 
Lie algebra^ Per * (A) defined canonically up to quasi-isomorphisms. Recall 
that the differential graded Lie algebra is a graded vector space equipped with 

2 for example A can be an associative algebra, complex manifold, vector bundle etc. 
^sometimes it is more convenient to work with more general notion of Loo— algebra 
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differential and graded skew-symmetric bracket satisfying a list of axioms 

9 = ®kS k , d:g k ^ g k +\ d 2 = 0, [•, •] : g k ® g l -> d k+l 
d[ lul2 ] = [d 7l , 72 ] + (-l)-[ 7l ,d 72 ], [ 72)7l ] = _(_l)7T^[ 7l!72 ] (2.1) 

[7i[72,73]] + (-l) W( ^ +W) [73[7i,72]] + (-ir ( ^ + ^[72[73,7i]] = 

The correspondence A — ► £>er *(A) may be viewed as a kind of "derived func- 
tor" (or rather "derived correspondence") with respect to the standard corre- 
spondence A — > _Der(j4) which associates to A its Lie algebra of infinitesimal 
automorphisms. Then the equivalence classes of deformations of the structure 
A are described in terms of Per * (A) . In the standard approach of the defor- 
mation theory one considers inductevely the deformations up to the given order 
1, 2, . . . , N, In other words, the algebras of functions on the standard pa- 
rameter spaces of deformations are the Artin algebras with residue field k (in 
our context they will be Z— graded generally). Recall that such an algebra 2t is 
isomorphic to a direct sum k © m where k is a copy of the base field and m is a 
finite-dimensional commutative nilpotent algebra (Z— graded in general). Even 
more concretly, any Artin algebra with the residue field k is isomorphic to an 
algebra of the form k\ti\i^s/I, where / is an ideal / D t N k[ti] and S is a finite 
set of (graded) generators. Then the deformations A/<% of the structure A over 
an Artin algebra 21 are described by solutions to Maurer-Cartan equation 

d7+i[7,7]=Q, -7 G (Per* (A) m) 1 (2.2) 

The equivalent deformations (^4/a)i — (^4/a)2 correspond to the solutions from 
the same orbit of the group associated with the nilpotent Lie algebra ( Per * (A)® 
m)°. This Lie algebra acts on the space (q ® m) 1 by 

a G (g ® m)° -► j = da+[a, 1 ] (2.3) 

It is convinient to introduce functor Def B associated with a differential graded 
Lie algebra g 

Def fl (2t) = Li 7 +i[ 7 , 7 ]=0| 7 e (fl<E>m) 1 }/r°(a) (2.4) 

which acts from the category of Artin algebras with residue field k to the cate- 
gory of sets. We will denote Def° the corresponding functor in the more widely 
known case when only Artin algebras concentrated in degree are involved. 
Sometimes we denote the more general functor on Z— graded Artin algebras by 
Def^. The description above of the deformations of A in terms of Per * (A) may 
be rephrased now by saying that the functor which associates to 21 the set of 
equivalence classes of deformations A/% is isomorphic to Def^g,,.^). 

Furthermore, in the cases when the actual moduli space of deformations of 
A exists, the functor Def B is equivalent to the functor Hom cont i nuous (0 , ■) where 
O is the pro-ArtinQ algebra which is equal to the completion of the algebra of 
functions on the actual moduli space of deformations of A. 

4 =projective limit of Artin algebras 
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Given a differential graded Lie algebra g such that the functor Def B is equiva- 
lent to the functor represented by some pro-Artin algebra O s one can define the 
formal moduli space M s associated to g by proclaiming O g to be "the algebra 
of functions on A4 S " . 

The basic tool to deal with differential graded Lie algebras and formal moduli 
spaces associated to them is provided by the theorem on quasi-isomorphisms 
which is described in the next subsection. 

2.2 Equivalence of Deformation functors 

We need to recall first the following homotopy generalization of the notion of 
the morphism between two differential graded Lie algebras. 
A sequence of linear maps 

^i : 01 -> 02 

F 2 :A 2 ( 01 )^g 2 [-l] (2.5) 
^ 3 :A 3 ( 01 )^ fl2 [-2] 

defines an Loo— morphism of differential Z— graded Lie algebras gi and g 2 if 
dF„(7i A ... A 7„) - ±F n(li A ... A d-ji A ... A 7„) = 

i 

= \ Yj fcj/j ± [ F k(l*(V A --- A Mk))' F i(Mk+i) A...A 7(T(fe+0 )] + 

k,l>l, k+l=n ' ' ct£5„ 

+ ]T ±F n _ 1 ([ li , l3 ] A 7l A ... A 7 „) (2.6) 

i<j 

In particular, the first map is a morphism of complexes which respects the Lie 
brackets up to homotopy defined by the second map, which itself respects the 
Lie brackets up to higher homotopies and so on. 

An Loq— map F — {F n },F : Qi — > g 2 defines a natural transformations of 
the functors F* : Def 01 — > Dcf S2 . If 7 G (gi CSm) 1 is a solution to Maurer-Cartan 
equation then 

00 1 
' n! 

n—l 

is a solution to Maurer-Cartan equation in (g 2 ® m) 1 

Recall that an Loc — morphism F = {F n },F : gi — > g 2 is called quasi- 
isomorphism if its linear part iq induces an isomorphism of cohomology of 
complexes and (g 2 ,d 2 ). 

Basic Theorem of Deformation Theory. If F — {F n } : gi — -> g 2 is an 

Loc — morphism from Qi to g 2 w/iic/i is a quasi-isomorphism then the natural 
transformation of deformation functors F* : Def Bl — > -De/ fl2 is an isomorphism. 
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2.3 Formal manifolds and odd vector fields 



Here we recall the geometric picture of the theory presented above. In particular 
we give an interpretation of the notions of L^— morphism and of the moduli 
space M s described by differential graded Lie algebra 0. 

The set of maps F n : A n 0i — ► 02 [1 — n] can be thought of as the set of Taylor 
coefficients of a formal map F : 0i[l] — » 02[1] preserving the zero. Namely, the 
algebra of formal power series on a (super) vector space g[l] can be identified 
with the dual to the free cocommutative coalgebra Symm(g[l]) cogenerated by 
g[l]. Then all geometric objects associated with the Z— graded (formal) manifold 
may be described in terms of this coalgebra. In particular, a map of formal 
manifolds 0i[l] — > 02[1] corresponds to a coalgebra morphism Symm(0i[l]) — > 
Symm(02[l])- A map of free algebras is defined uniquely by its restriction to the 
set of generators. Similarly, a map of coalgebras Symm(g 1 [I]) — » Symm(g 2 [l]) 
is defined uniquely by its components F n : 5 n (fli[l]) — > Qzll], n > 0. Recall 
that in the category of Z— graded vector spaces >5 n (F[l]) = A n (V)[n]. The set of 



maps (2.5) defines naturally a (formal power series) map of Z— graded manifolds 



01 [1] — * 02 [1] preserving the origins, since the corresponding constant term is 



zero: Fq = 0. The condition (2.6) can be translated into geometric terms as 
follows. 

The structure of the differential graded Lie algebra on a graded vector space 
is interpreted as a degree one vector field Q B , Q 2 = on the vector space g[l] 
preserving the origin. Namely, the structure maps 

<f:fl-fl[l], M :S 2 (0[1])^ [2] (2.8) 

are the components of uniquely defined degree one derivation Q g of the coalgebra 
Symm(0). It corresponds to the vector field 

Q(7)=d7+^[7,7] (2.9) 



The relations (2.1) which are satisfied by the structure maps ( |2.8| ) are exactly 
equivalent to the c ondi tion f\ Q 2 S =0. 



The equations ( |2.6| ) are then reformulated as the single condition 

F*(Q B1 ) = Q S2 (2.10) 

This picture implies that the moduli space described by a differential graded 
Lie algebra can be thought of as a "nonlinear cohomology" of the operator Q g . 
The precise meaning of this may be described as follows. One has a subscheme 

"KerQ" : = { 7 G 0[1]|Q( 7 ) = 0} (2.11) 

of zeroes of the vector field Q g . The vector fields of the form [Q„ , a] where a is an 
arbitrary constant vector field on of degree —1 span a distribution "ImQ" . 

5 The differential graded Lie algebras correspond to vector fields whose Taylor expansion 
contains only linear or quadratic terms. An arbitrary (formal) vector field Q, Q 2 = 0, Q(0) = 
of degree one on is equivalent by definition to the structure of L^— algebra on g 
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This distribution is tangent to the subscheme "KerQ" since [Q, [Q,a]] = 0. The 
moduli space M B corresponds in geometric terms to the "quotent" of the sub- 
manifold "Ker Q" defined by the zeroes of the vector field Q by the distribution 
"ImQ". The functor Def s describing the moduli space A4 S is then identified 
with the natural functor describing the "quotent" "(KerQ/ImQ)". 



3 Extended moduli spaces of complex structures 



We recall here following [BK| the definition of the extended moduli space of 
complex structures A4 . We also recall the arguments showing that it is a smooth 
moduli space with the tangent space 

T [X] =®p,qH*(X,A*T x )\p-q] 



3.1 The sheaf of graded Lie algebras 

Let X, dime X = n be a smooth projective algebraic manifold such that c\ (T x ) G 
Pic(X) is zero. We assume that X is defined over the complex numbers although 
most of our constructions are valid for X defined over an arbitrary algebraically 
closed field k of characteristic zero. 

Consider the coherent sheaf of Z— graded Lie algebras 

= ®kQ k [k], g fe :=A 1 - fc Tx (3.1) 

endowed with the Schouten-Nijenhuys bracket. This bracket is uniquely defined 
by the following conditions: 

(1) For vi,V2 G Tx the commutator [uj.,i>2] is the standard bracket on vector 

fields. 

(2) For v G Tx, f G Ox the commutator [v,f] G O x is the Lie derivative 

Lie v f. 

(3) The wedge product and the Lie bracket define the structure of an odd 

Poisson algebra(=Gerstenhaber algebra) on g[— 1], in other words 

[vi,v 2 Av 3 ] = [V!,v 2 ] Av 3 + (~l)^+ 1 ^v 2 A[v 1 ,v 3 ] (3.2) 



The technic of Deformation theory associates to the sheaf g a (formal) moduli 
space. 

To describe this moduli space for X / c [] let us take the Dolbeault resolution 
of q and consider the differential graded Lie algebra 

Q = ®k3 k [k], g k :=® k=q . p+1 n ^(X,APT x ) (3.3) 

6 In the case of the manifold over arbitrary field of characteristic zero one should work with 
"simplicial Lie algebra" of Cech cochains. 
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endowed with the differential d and the extension of Schouten-Nijenhuys bracket 
by the cup-product of differential forms. Informally the moduli space M asso- 
ciated with g may be understood as the moduli space of solutions to Maurer- 



Cartan equation (1.4) in g over Z— graded bases modulo gauge equivalences. 

We show in §3.3 that the moduli space associated to g by the deformation 
theory parametrizes the Aoo— deformations of D b Coh(X). On the other hand, 
because of the natural embedding T C AT the deformations controlled by the 
sheaf AT generalize the deformations of complex structures on X. 

3.2 The (formal) moduli space associated with AT 

To introduce the moduli space A4 we use the technic of deformation theory 
explained in §^| The moduli space is described by the deformation functor Def 



associated to g (see §2.1). The algebra of functions on the moduli space A4 is by 
definition the algebra representing the functor Def B . First we need to introduce 
the odd "Laplacian" operator acting on the space g. The behaviour of this 
operator with respect to various algebraic structure on the graded vector space 



g is described by the Batalin-Vilkovisky formalism (see for example Schwj) 



Odd Laplacian 

It follows from the condition c\(Tx) = that there exists an everywhere nonva- 
nishing holomorphic n— form G T(X, A n T x ). It is defined canonically up to a 
multiplication by a constant. Let us fix a choice of £1. It induces isomorphism 
of complexes A P T X ), 8) ~ (Ct°'*(X, fl n - p ), 8); 7 i-> 7 h fi. One can 

define then the differential A on g by the formula 

(A 7 ) h n = 9(7 h n) (3.4) 

The Lie bracket on g satisfies the following identity (Tian-Todorov lemma) 

[71,72] = (-l) dog7l+1 (A( 7l A 72) - (A71) A 72 - (-l) dcg7l+1 7 i A A 72 ) (3.5) 

where deg7 = q — p + 1 for 7 e fl 0,q (X, A p Tx)- In particular A is a derivation 
of the differential graded Lie algebra structure. 

Diagram of quasi-isomorphisms 

Denote by H the graded vector space 

H = ® fe H fc , dimH fc = ^2 dimH q (X,A p T x ) (3.6) 

q-p=k 

Denote by C[[£h]] the graded algebra of formal power series on H. We recall 



here the proof from [BK| of the nonobstructedness of the Z— graded moduli 
space associated to g. Analogous arguments will be applied later for similar 
differential graded Lie algebras. It is convinient to fix some choice of a set {t a } 
of linear coordinates on H. 
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Proposition 3.2.1. The deformation functor associated to g is isomorphic to 
the functor represented by the algebra C[[tjj]]. Equivalently, there exists a versal 
solution^ to the Maurer-Cartan equation 

S7(*) + ~[7(*),7(*)]=0 (3.7) 
in formal power series with values in g 

7( f ) = E^° + iEw 81 t os +...e(«®C[[t fl ]]) 1 (3.8) 

a ai,a,2 



Remark 3.2.2. The solution of the form (3.t) is versal iff the cohomology 
classes ["f a ] form a basis of cohomology of the complex (g, d). 

Proof. The idea is to use the well-known trick from rational homotopy theory 
of Kahler manifolds (sec |DGM£| ]) and the theorem from §2.2. Notice it fol- 
lows from the equation (3.5) that in the following diagram all arrows are the 
morphisms of differential graded Lie algebras 



(S,d) <- (KerA,<9) -> (KerA/ImA, d := 0) 



(3-9) 



The dd— lemma (see |GFj]) implies that both arrows are in fact quasi-isomorphisms. 

□ 



Corollary 3.1. One can associate to g the smooth (formal) |j moduli space A4, 
Om — C[[fjj]]. The tangent space to M. at the base point [X] is canonically 
isomorphic to the Z— graded vector space (B q , p H q (X, A p Tx)[p — q]. 



Remark 3.2.3. The differential Lie algebra g and the associated moduli space 
were first introduced in t BKj where g was considered with a slightly different 



grading. The k—th graded component of the similar differential graded Lie al- 
gebra g* defined in [BRj is g fc = (B q + p ~i = kQ '' 9 (X, A p Tx). The corresponding 
moduli spaces considered as ^—graded (formal) manifolds are canonically iso- 
morphic since the two gradings agree mod Z2 . 



Remark 3.2.4. The classical moduli space of complex structures j\/[ classlcal j s 
naturally a subspace of M.. The classical deformations are parametrized by 
t G M. such that jit) is equivalent to a solution with values in f2 0,1 (X, Tx). 

7 This means that any other solution over arbitrary Artin algebra (or projective limit of 
Artin algebras) is equivalent to a solution obtained from this solution via a base change. It is 
also a "minimal" solution having these properties. It is common to use the adjective "versal" 
in such situations. 

8 For our purposes it is sufficient to work on the level of formal manifolds. In fact the 
standard technic of Kuranishi spaces may be used to show that all our moduli spaces exist on 
the level of analytic manifolds, i.e. all the power series representing the versal solutions may 
be chosen to be convergent 
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3.3 Moduli space of A^— deformations of D b Coh(X). 

Here we sketch demonstration of the fact that the supermoduli space M paramet- 
rizes the A x — deformations of D h {Coh(X). The notion of A^— algebra was in- 
troduced by J.Stasheff. The A^ — categories in the context of mirror symmetry 



were considered for the first time in \K2\. The main result which is used in this 



subsection is the formality theorem from [Kl|. 

Recall (see [^t|) that the structure of the A^— algebra on a graded vector 
space A is defined by odd degree one derivation M of the free coassociative 
coalgebra generated by A[l] 

C(A[1}) := A[l]®(A[l]f 2 ®... 

such that [M, M] = 0. Degree one derivations of the free coalgebra are in one- 
to-one correspondence with collections of their components m k ■ A® k — > A[2 — k] 
for all k <E N. The condition [M, M] = is translated into the infinite number 
of identities: 

k-l 

^ }^±m k (xi,... ,Xi,mi(xi + i,... ,x i+ i),x i+ i + i,... ,x n ) = (3.10) 

k+l=n+l i=0 

The first identity means that m\ is a differential on the graded vector space 
A. The next identity says that mi is a derivation with respect to the product 
defined by mi. The third identity is the associativity of the product to 2 up to 
the homotopy defined by m-$. The next identity is the compatibility of to 3 with 
the product mi up to higher homotopies and so on. 

There exists a homotopy generalization of the notion of module over the 
associative algebra. 

Definition 3.3.1. The structure of module over an A^ — algebra A on graded 
vector space E is a degree one connection M E on the free comodule generated 
byE 

C(A[1],E) :=E®(E® A[l]) ®...®(E® {A[l}f k ) © . . . (3.11) 

such that [M E ,M B ] = 0. 

Recall that a connection on a module 9JI over differential coalgebra (C, d) is 
a linear operator V : 371 — ► 371 compatible with the coalgebra module structure: 
A m o V = (V <8> Id ± Id (g> d) o A m . Again such connections acting on free 
modules are in one-to-one correspondence with collections of linear maps mf : 
A® 1 (gi E — > E[l — i] satisfying an infinite number of identities similar to ( 3. 10| ) . 



For example, if A is in fact a differential graded associative algebra and tnf = 
for i > 2, then E is a differential graded module over A. 

Recall that an Aoo— category X is a collection of objects Ob X together with 
graded vector spaces of morphisms Hom*(£i, E2) for any pair E\, E2 S C and 
"higher compositions" 

m k (E ,... ,E k ) : Rom*(E , Ei)® . . .®Hom*(B fc _i, E k ) -► Hom*(£i, E k )[2-k] 
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defined for any k > and E , . . . ,Ek G Ob{X). The maps rrik(E , . . . E^) should 
satisfy an infinite number of "associativity up to homotopy" constraints similar 



to (3.10) which can be formulated by saying that ©j^Honi*^,, Ej) should form 
an Aoo— algebra. In particular m\(E) is a differential on Hom*(_E, E). One 
assumes usually also that the identity morphism 1^ 6 Hom°(£',i?) is singled 
out and satisfies to 2 (1b, /) = /, m k (fi, ■■■ , Le, ■ ■ ■ , fk-i) = for any k ^ 2. 

One can show that for an A^ — algebra A the collection of all A^ — modules 
forms an A^— category which we will denote by Modoo(A). For example the 
space Hom*(i?i, E 2 ) is defined as the space of all comodulc morphisms 
C(A[1], Ei) — > C(A[1], E2). This is the same as arbitrary collection of linear maps 
fk : A m ®E 1 ^ E 2 [-k] for k > 0. The differential acting on Rom* (E U E 2 ) is 
given by mi(0) = M E<1 o <j> ± $ o M El . 

The deformations of the A^,— category Mod 00 (A) are described by the func- 
tor Def z associated with the differential graded Lie algebra which consists of 
derivations of free coassociative coalgebra generated by A[l] equipped with 
counit 

Der*(Ci(A[l])), Ci(A[l]) = k ■ 1 © A[l] © ... © (A[l])® n © . . . (3.12) 

The differential is the commutator with M G Der 1 (C(A[1})) C Der^Ci^l])). 
This is the differential graded Lie algebra of Hochschild cochains C* (A, A) [1] . 
Let us suppose that we are given a solution to Maurer-Cartan equation T(t) G 
(C(A, A)[l]©07lfl) 1 where R — k © 971^ is a (pro)-Artin algebra assumed to 

be Z— graded. Then the objects of the deformed category (Modoo)/^ can be 
described as pairs 

(E,M E ), E e ObiModoo), M E = M E + T E , (3.13) 
T E e (Conne4{C(A[l],E))®yjl R )\ [M E + T E , M E + T E ] = 

Here M E = M E + T E is a connection depending on the parameters t G R on 
the free comodule C(A[l],i?) which lifts the derivation M + V acting on the 
coalgebra Ci(A[l]). 

One of the ways to describe the A^— category structure on D b Coh{X) is to 
identify it with the category which is obtained from the differential graded cate- 
gory of finitely generated projective modules over the algebra Ax = (£l°'*(X),d) 
by taking the same collection of objects and by taking H° of the complex 
Horn* (£ * , £"|) as the linear space of morphisms between two objects £1,82- 



Then one can use the homotopy technic (see for example [M,P|) to construct 
the Aoo— category structure on D b Coh(X). The Aoo— category D b Coh(X) is 
^00 — equivalent to the category of finitely generated projective modules over 
A x . 

Let q* denotes our differential graded Lie algebra of Dolbeault forms with 
coefficients in polyvector fields which is considered with slightly different grad- 
ing (fl*) fc = G)q+p-i = k^°' q (X, APT). Since the two gradings agree modi the 
corresponding supermoduli spaces are the same. It is possible to prove using 
the formality theorem from JK1|] that the differential graded Lie algebra q* is 
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quasi-isomorphic to the Lie algebra of local Hochschild cochains on differen- 
tial graded algebra Ax- Therefore equivalence classes of solutions to Maurer- 
Cartan equation in g parametrize A^— deformations of D b Coh(X). Given a 
solution to Maurer-Cartan equation j(t) e (g*®^^) 1 the quasi-isomorphism 
referred to above gives similar solution T(t) in the Lie algebra of local Hochschild 

cochains on Ax- The objects of deformed category D b Coh{X) , R can be identi- 
fied with pairs (£, V £ ). where £ — (£* , S £ ) is a bounded complex of locally free 
sheaves and V = (d + S £ +mf) +T £ is a deformed conection on free comodule 
over C(^4x[l]) generated by Q°'*(X, £*) which depends on t e R and satisfies 
[W E ,V B ] = 0. 

4 Generalized periods. 

To a point of classical moduli space [X] € ^classical Qne assoc j a tes a vector of 
periods of the holomorphic n— form defined up to multiplication by a constant. 
We introduce in this section the periods associated to the generalized deforma- 
tions of complex structure parametrized by A4. The properties of these periods 
are investigated in 

4.1 Classical periods. 

We recall first the notion of periods associated with classical complex structures 
on Xc°° . Let us denote by Jx the complex structure on the underlying C°° man- 
ifold X c ^ corresponding to a point [X] G M clasmcal . The condition c\{T x ) = 
(as an element of Pic(X)) implies that there exists holomorphic nowhere van- 
ishing ri— form ilx £ T(X,n, x ) (holomorphic volume element). Such form is 
defined canonically up to multiplication by a constant. The deformations of the 
pair (Jx,&x) are described by the deformation functor Def^, er »(j x s - 2x j associ- 
ated with the differential graded Lie algebra 

Der*(J x ,nx) = ® q il '"(X,T x )[-q] g < (X,O x )[-q' - 1] (4.1) 
d := 8 + A, [ , ] := Schouten-Nijenhuys bracket x cup-product 

Proposition 4.1.1. The classes of gauge equivalences of solution to Maurer- 
Cartan equation 

(pjJ)en 1 (X,T x )®n (X,Ox) (4.2) 

define deformations of the pair (Jx,&>x) consisting of the complex structure 
together with the choice of holomorphic volume form. The deformations of the 
complex structures are described by p,j. The deformed holomorphic n—form is 

exp(f + pj) h fix (4.3) 
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Proof. The Maurer-Cartan equation for (pj, /) can be written as 



9pJ + l\pJ,Pj] = (4-4) 
A PJ + 8f + \pj, /] = (4.5) 

The first equation means that pj defines a deformation of the complex struc- 
ture. If one chooses a local holomorphic coordinates (z 1 , . . . , z n ) on X then the 
differentials of the deformed set of holomorphic coordinates are given by 

dz^dz' + J^iPj)]^ (4-6) 



where pj = Ylijipj)]^-^. O ne nas = a(z) J[ i dz l in the local coordi- 
nates. The second equation implies now that the n— form 

eMf + Pj)^n x =e/a(z)l[dz l (4.7) 

i 

is closed. One can show similarly that the gauge transformations preserve the 
class of equivalenses of the complex structure defined by pj and the cohomology 



class of (4.3) □ 



Remark 4.1.2. The moduli space of pairs (Jx,Ox) form naturally a linear 
bundle C — ► ft/[ classical over the moduli space of complex structures. Analogously 
one can prove that the formal completion at the point (Jx,Qx) of the algebra 
of functions on the total space of the linear bundle C is the algebra representing 
the deformation functor Defjy er ti Jx Q x y 

The correspondence [X] — > C-flx defines the (projectivization of the) periods 
map Jv[ classical — y WH n (X, C), dim c = n. If one chooses a value of flx at some 
point [Xq] S ^classical an( j & hyperplane L C H n (X, C) transversal to the line 
C • flx then one can define the periods map with values in H n (X, C) : 

n L ([x]) = n x , n L x -n Xn eL (4.8) 

Given a set of elements {Gv^} € H n (X, C) which form a locally constant frame 
the map H L is described by the vector of periods (f ni fl L ). 

4.2 The generalized periods map M. — > (BkH k (X,C)[n — k] 

We introduce in this section the generalized periods map H w : M. — * 
® k H k (X,C)[n - k] where W is a filtration on ® k H k (X, C)[-fc] complemen- 



tary to the Hodge filtration (eq. 4.21). In applications to mirror symmetry W 
will be the limiting weight filtration arising from degenerating family of Hodge 
structures. It is shown in proposition 4.2.4 that H w is a local isomorphism. 
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Family of differential graded Lie algebras. 

Let us consider the family of differential graded Lie algebras f\ 

0n = ® k Qh k , g h k ■■= ® k = q - P +i^ ' q (X,A p T x ) 
dh := 8 + HA, [ , ] := (Schouten-Nijenhuys bracket) x (cup-product) (4.9) 

Here we would like to consider gn as a differential graded Lie algebra over 



C[[ft]]. Notice that it follows from the dd— lemma (see GH |) that the cohomol- 
ogy of the operator d + HA acting on ® pq fl°' q (X, A p T x )[p -q - l]®C[[7i]] is a 



free C[[7i]]— module. The same diagram (3.9) of quasi-isomorphisms proves the 



statement similar to proposition 3.2.1 in the case of the family of differential 
graded Lie algebras g/j. 

Proposition 4.2.1. There exists a solution to Maurer-Cartan equation in 
depending formally on h 

B%{t) + hA%(t) + \[lH{t),ln(t)] = 



2! 

a-i ,0,2 



(4.10) 



such that ("fnja form a basis of the C[[h]] — module of the cohomology of operator 
d + HA acting on g(g)C[[7i]]. 

□ 

We will call solution satisfying this condition "fibered versal solution to 
Maurer-Cartan equation in Qn" . 

If 7 is such a solution then for arbitrary family of coordinates change de- 
pending formally on h 

t'(h) = t (0) + fit(i) + . . . 

the formula 

y'(t,h)=i(t(h),h) (4.11) 

gives again a versal fibered solution to Maurer-Cartan equation in g^. We will 
see that an arbitrary filtration on (BkH k (X, C)[— k] complementary to the Hodge 
filtration defines a way to single out a canonical choice of such solution. 
Introduce the rescalling operator 

h ■ "f P " q ^ H h E± ^ 1 1 p,q where 7 M € fl°' q (X, A P T X ) (4.12) 

If 7 G (qh <g> m) 1 , h ^ is a solution to the Maurer-Cartan equation depending 
formally on h then ^(7) gives a formal family of solutions to Maurer-Cartan 
equation in gn=i- 

9 Prom here the differential graded Lie algebra g and the corresponding moduli space M 
will be sometimes referred to also as go an d Mo 
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Exponential map. 

Proposition 4.2.2. For a solution to Maurer-Cartan equation 7 £ (fl^i^m) 1 
one has 

exp(j) = 1 + 7 + ]p A 7 + . . . eiferd + A (4.13) 

The (d + A) — cohomology class of e 7 is f/ie same for gauge equivalent solutions. 

Proof. Let us denote by m 7 the operator of the contraction by 7 6 (g eg) m) otW 
acting on SI* ® 21. The standard formulas 

e- A Be A = B+[B,A] + A], A] + A], A], A] + ... + (4.14) 

[[9, m 7l ], m 72 ] = m [7li72] (4.15) 

imply that 

e - m -'de m -i =9+[9,rn 7 ] + im [7i7] (4.16) 

m a7 (4.17) 



Applying the sum of eq. ( 4.16 ) and eq. ( 1.17 ) to the holomorphic n— form f2 x 
and multiplying both sides by e 7 one gets 

(A + a)e 7 = e 7 A(A7 + a 7 +i[7,7]) (4.18) 

The independence of the cohomology class on the choice of solutions in the same 
class of equivalence follows from (4. IS) if one puts 7' = 7 + ea, deg (e) = 1. □ 

We will denote the cohomology of the complex 

C k =® q - p=k n°< q (X,A p T x )[p-q}, 8 + A : C k -> C k+1 (4.19) 

by H. Of course, H is isomorphic to the graded vector space H, but we prefer 
to reserve the special notation for the former vector space since it is defined 
canonically and the vector space H is only defined up to arbitrary linear iso- 
morphism. 

Normalized solution to Maurer-Cartan equation. 

Let F be the Hodge filtration which we would like to view as the following 
filtration F— n C c ■ • • C F-° on the direct sum of all cohomology 

groups:^] 

F^ r := ® p - q >2r- n H { ^ (4.20) 

:={[</>] e H p+ \x,C)[-p - q}\0 e n p - q }, re iz 



10 The reason for such a choice of indexes on the subspaces of the filtration will become clear 
from what follows 
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Let 

W< C W<i C...dW< n 

be an increasing nitration which is complementary to the Hodge filtration in 
the following sense 

Vr H*(X,C) = F^ r ®W< r _i (4.21) 

Here a filtration on H*(X,C) is by definition a filtration in the category of 
1— graded vector spaces, i.e. it is the same as a set of nitrations on every 
graded component of H * (X, C) . As a side remark let us notice that the whole 
construction works analogously if W is understood as a filtration in the category 
of Z2— graded vector spaces. 

Let us assume that the choice of the holomorphic volume form Qx corre- 
sponding to the complex structure Xq is fixed. 

Theorem 1. There exists fibered versal solution 7^ to Maurer- Cartan equation 
in Qh which depends formally on h 

EFffit) + hA^(t) + \[^{t),^{t)] = 

such that ^] 

[ex P (iraV) - 1] 1- n Xo g ® r w< r n s ^c[[n- 1 }]m[[t H }} (4.22) 

where s(r) = —r + n — 1 



Proof. The condition (4.21) implies that one has the direct sum decomposition 

H* (X, C) = © r F^ r n W< r (4.23) 



Let {A a } be a basis in the vector space H of th e coh omology of complex ( 4.19 ) 
compatible with the direct sum decomposition (4.23) so that 

A Q h Qx„ G n W< ra (4.24) 



The cohomology of th e complex (4.19) are isomorphic to the graded vector space 



H introduced in § |3.2| . Let {t a } be a set of linear coordinates on H which form 
the basis dual to {A a }. Let 



aia2 



denotes a fibered versal solution to Maurer-Cartan equation in Qn. The linear 
in tii terms ("fn)a are in Ker9 + hA. One can assume without loss of generality 
that [lh{"fh)a] = h s ( ra 'A a , This can be achieved by a substitution 

t'(h) = a(h)t, a(h) G GL(U)[[h}} 



A geometric interpretation of this condition will be given in §5.( 
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which is linear in tu. Let us consider now the effect of an arbitrary substitution 
depending formally on h with linear term equal to identity 



(*'r=*(o)+Ev fe < *(o)=*° 



k>l 

Notice that if one puts 

k— + 00 



[exp^n-i] =j2 Aahs{ra) E w 



a k— — oo 

then 



*( fc )=^)+0(t 2 ), forfc>0 (4.25) 



The condition (4.22) is equivalent to the system of equations 

<f>f k) = 0,, forfc > (4.26) 



We see from expression ( 4.25 ) that this system has unique solution in formal 
power series in t" y. 

*(fc) = /(°fc)(*(0))' k > 

The power series 



~w 
In 



(t)=~f h (t + J2.f(k)m k ,h) (4.27) 

fe=i 

satisfies all the conditions of the theorem. □ 

Proposition 4.2.3. The formal power series map 

$ w =[exp(l H ^)-l]hn Xo (4.28) 

does not depend on the choice of the solution 7^ satisfying the condition of the 
theorem [| and depends only on the choice of the filtration W and the value of 

□ 

The map IL W . 

Proposition 4.2.4. The power series 

U w = [exp{hl^)\ h= x h n Xo ] e ® k H k (X,C)[n - k]®6 M (4.29) 
is well-defined and induces isomorphism of germs of (formal) graded manifolds 
(M,[X }) -» (® k H k (X,C)[n-k],n Xo ) (4.30) 
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Proof. If one puts 

[exp (Z,7f )] = 1 + E A a n s ^)($ w )f 0) + (^f^Tr 1 + ■ • ■ (4.31) 



then (* w )f_ (t)Gangj H]] 



, (4^ =*• + Oft 2 ) 



□ 



Remark 4.2.5. T/ie proposition (.2.S implies that the map U w : X — > H*(X, C)[ 



defined by the series (4-.2L ) depends only on the choice of the filtration W and 
the value of Ox ■ 

Proposition 4.2.6. The restriction of the generalized periods map H w (t)\ M ci asS i 
coincides with the classical periods Pjjf t ]] € H n (X, C)[n] normalized according 
to (4-6) using the hyperplane L = W< n -\ H H n (X,C). 



Proof. Let (p, f p ) be a solution to Maurer-Cartan equation in Qti=i correspond- 
ing to the deformations (X p , fi^- ) of the pair which consists of complex structure 
and holomorphic n-form. The n— form f2^- is assumed to be normalized so that 



Vt x - &x G L. Notice that jn 



P- 



x p 

hf p is the solution to the Maurer-Cartan 



equation in g/j and 

[exp(l hlh ) - 1] h Q Xo = [exp(p + f p ) - 1] h n Xo E W< n -ih° 



Therefore it follows from (4.25) and (4.26) that one can assume without loss of 
generality that 



7 (*> K)\ teM olassioo.l = p(t) + hf p[t) 

Hence U w (t) = [Q Xt ], fort 6 M classical . 



(4.32) 
□ 



The map Gr$ w . 

Let us consider the map Gr $ 
as 



w 



M. —> Gr W defined using the expansion ( 4.31 ) 



Gr^(i)=E($^ 03 A a hO Xo 



(4.33) 



It follows from the equation (1.25) that it is a local isomorphism as well. In 
applications to mirror symmetry this map will be used in order to provide a 
natural set of coordinates on the moduli space M.. In the sequel it will be 
convinient to distinguish this set of coordinates associated with the filtration W 
and denote them by {tvk}- Let us notice that the elements A a h Q Xo £ F- Ta n 
W< ra project naturally to a basis in GrPF. Let {t^} denote the corresponding 
dual basis. The set of coordinates {tw} is characterized by the property 



W\a 



1(0) 



(4.34) 
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It is easy to calculate the restriction of Gr Q w on j \4 classlcal _ The restriction 
of the solution 7^ to M classlcal can be assumed to be of the form (1.32). Hence 
the map Gr Q w sends the complex structure [X p ] to the class 

Gr*^.,...*., : [X p ] -> [Q£ p - n Xo ] e W< n ^/W< n _s (4.35) 
Remark 4.2.7. Let Tq 6 H n (X,C) be a homology class orthogonal to the hy- 



perplane L — W< n -i fl H n (X,C). Then the condition (4-t) may be written 



as 



tt Xp = const (4.36) 

Let {T\} C H n (X, C) is a set of elements which defines together with T a basis 
of the subspace of H n (X,<C) annihilating W< n _|. The restriction of the map 
Gr$ w on M classlcal associated with the base point p = and the filtration W 
may be written as the vector 

Gr* w \ M a«ss^ = {[ n£ - / n Xa ) (4.37) 



It follows from the condition that 



dim (W< n -i n H n )/(W <n _s n i?") = dim H n -'- L (4.38) 



Therefore the map (4-35) defines a set of coordinates on A4 C 



5 Generalized variations of Hodge structures and 
its invariants 

We have seen in the previous chapter that one can define a generalization of 
the classical periods map on the extended moduli space M. We investigate the 
properties of this map in this chapter. Namely we show that the moduli space 
A4 is the base of generalized variations of Hodge structures on H* (X, C) . We 



introduce the invariants of this generalized VHS in §5.8 This is a collection of 



polylincar 5fe— symmetric maps of graded vector spaces 

A[ x \: U® k -> H, H = ® p , q Hi(X,APT x )\p-q] (5.1) 
associated with filtration W on H * (X, C) complementary to the Hodge filtra- 



tion. It is shown in §5.13 that if W is isotropic with respect to the Poincare 
pairing then these invariants define a structure of the Frobenius manifold on M. 
(in another terminology they define a solution to Witten-Dijkgraaf-Verlindc- 
Verlinde equation). We prove in chapter || that the rational Gromov-Witten 
invariants of the projective complete intersections Calabi-Yau varieties coincide 
with the invariants of generalized VHS which are attached to the mirror vari- 
eties. 
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5.1 Nonlinear limits of families of afRne spaces 

Let p : E — ■> A J. be a regular morphism of (formal) varieties over algebraically 
closed field k, charfc = 0. Denote by Fj> the fiber lying over the point h E AjL 
Let the fibers F%, K ^ are equipped with affine structure^] such that the 
corresponding family of affine connections has pole of order one at ft = 

V(H) : T E/A i T E/A{ ® fi^j [F ] (5.2) 
In other words the connection V(/z) is represented as 

oo 

d+ £ r^ (p V, r^ H Vo (5.3) 
P =-i 

for any choice of (formal) trivialization E ~ Fo x Aj, and set of (formal) coor- 
dinates on F . 

Proposition 5.1.1. T/ie term T k ^ ^ with the highest order of pole defines 
canonical structure of commutative associative algebra on TFq. 

Proof. Note that the expression T k j(K) transforms under a fiberwise change of 
coordinates x = f(x, h), f = fo(x) + fi(x)h + . . . intopl 

E -( J ~^di + E {j { - 1] ) h m j\j^z (5.4) 

where J?(x,h) = df k /dx l , and (J ( ~ 1] )f is the inverse matrix to JJj. Therefore 

the term T k ^ *\x) having the highest order of pole is a well-defined tensor on 
F . The connection V(fi) is torsionless: I*(fi) = Y k {K) - T^(fi) = 0. Hence, 

(5.5) 

The connection V(ft) is also flat for all h ^ : 

dr(ft) + i[r(fi),r(ft)] = o (5.6) 

Hence, [Tf -1 ),^ -1 )] = . This can be rewritten as 

in mj / ^ mn ij \°' 1 J 

n n 

The components of the tensor I^- 1 ^ are the structure constants of the com- 
mutative associative multiplication on (the fibers of) TFq. □ 



12 Remind that affine structure in the analytic setting is an atlas having affine transforma- 
tions as transition functions. 

13 We assume here for simplicity that the fibers are purely even varieties. 
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5.2 Tangent sheaf 7^. 



We describe here the tangent sheaf of M. and recall following [BK| how to 
construct canonical algebra structure on it. 

Consider the space T 7 of first-order deformations (over Z— graded bases) of 
a given versal solution to the Maurer-Cartan equation -f(t) £ (g tSC^in]]) 1 - The 
C[[£h]]^ module T 1 is identified naturally with the cohomology of the complex 
(g <8)C[[<h]][1], d + [7(t), ■ ]). It is a Z— graded module over the algebra of func- 
tions on the moduli space. In geometrical language it corresponds to the tangent 
sheaf of M . 

The operator d as well as the operators ad 7 , 7 G g are differentiations with 
respect to the natural algebra structure on g[l] defined by the wedge product. 
Hence the C[[£h]]— linear extension of the wedge product defines the natural 
linear algebra structure on T 1 . This algebra structure is functorial with 
respect to the isomorphisms TL ~ T 12 induced by the gauge equivalences 71 ~ 
72 

The 3-tensor of structure constants of the multiplication on T 7 can be written 
explicitly as follows. Recall that we have fixed for convinience a choice {t a } of 
linear coordinates on H. The (uni)versality property of 7(f) implies that the 
classes of partial derivatives [eta 7] generate freely the C[[£h]]— module T 7 . 

Proposition 5.2.1. The equation 

d a j(t) A fy 7 (t) = 5^i4^j(t) ds~f(t) mod Im d l[t) (5.8) 

5 

uniquely determines the formal power series 3-tensor A s a p(t) e C[[tjj]]. The 
components of the tensor are the structure constants of commutative associative 
Om~ algebra structure. 

We will denote the product of two elements v\,V2 S Xm by v\ o w 2 ■ 
Recall that the third derivative of the generating function for Gromov- 
Witten invariants of some projective variety Y defines the commutative algebra 
structure on the tangent sheaf to H*(Y,C) considered as a supermanifold. We 
have found similar structure on M. Although, such a structure alone is rela- 
tively nonintcrcsting (for example in many cases one can choose locally some 
coordinates {ui} on the underlying supermanifold H*(Y,C) such that the mul- 
tiplication is given simply by t£t o t£j = <5ygfr), it indicates the existence of 
canonical nonlinear family of affine spaces having the former supermanifold as 
the central fiber. 



5.3 Family of moduli spaces 

Our aim now is to demonstarte that the extended moduli space of Calabi-Yau 
manifolds introduced in chapter p| is naturally the limiting fiber of the family of 
affine spaces with the property ( |5.2| ). We describe first the canonical family of 
the moduli spaces Mn- 
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Extended moduli spaces of complex manifolds with holomorphic vol- 
ume element 



In this subsection the moduli space M. is embedded into a natural 1— parameter 
family of moduli spaces Mn, Mq = M. 

Let us consider a family of sheaves of differential graded Lie algebras (g, HA). 
The deformation theory associates to (g, HA) certain moduli space Mn- It is 
convinient to describe this moduli space with the help of Dolbeult resolution 
of (g, HA). This is the family of differential graded Lie algebras g^ introduced 



in §4.2. Same diagram ( |3.9| ) of quasiisomorphisms proves that the deformation 
functor associated with the differential graded Lie algebra Qn for arbitrary given 
h is equivalent to the functor represented by the algebra C[[tn]]- This can be 
reformulated as usual as the existence of a versal solution to the Maurer-Cartan 
equation Jn(t) G (g^C^n]]) whose linear term gives a basis of the graded 
vector space equal to the cohomology of the complex 3 + HA). 



According to the proposition 4.1.1 the subspace of the moduli space Mn=i 
corresponding to solutions with values in fl ' 1 ^, Tx) © £l 0,0 (X, Ox) C Qn=i is 
the moduli space of deformations of pair which consists of complex structure 
and holomorphic n— form. 

The total space of the family M.^ 

The family Mn,H E Aj. of moduli spaces form the bundle p : M. — * Aj.. The 
total space of the bundle can be described similarly as the moduli space associ- 
ated with the differential graded Lie algebra g. This is the algebra g with one 
added element D of degree 1 such that [-0,7] := A7. Again, the arguments 



involving the use of the diagram (3.9) prove that g is quasi-isomorphic to an an 
abelian Lie algebraH := H © D, where D is a one-dimensional vector space in 
degree 0. Denote by H thecorresponding linear coordinate along D, degh = 

Proposition 5.3.1. The deformation functor associated with g is isomorphic 

to the functor represented by the algebra C[[tjj]]. Equivalently, there exists a 

versal solution to Maurer-Cartan equation in (g OSijjC^i^]]) 1 . This solution 
can be taken to be of the form 7^ = 7^ + HD where 

07»(t) + h&y h (t) + \[%{t),lh{t)] = 



, = Y.^)at a + I (7/O.k** 01 * 03 + • ■ ■ (5-9) 

a 0,1,0,2 

7ft 6 (g§C[[^]])\ (7ft) Ql ... Qfc g g§C[[ft]] 



Proof. Define the differential graded Lie subalgebra Ker := Ker[Z?, ] C g. It is a 
direct sum of two differential graded Lie subalgebras Ker = Z)0KerA, Ker A C g. 
The dd— lemma implies again that the natural embedding Ker C g and the 
projection Ker — > H are quasi-isomorphisms. The versal solution can be taken 
to be 70 (f) + HD where j (t) = ^f n (t) and f n : ^"H -> Ker A are the 
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components of a quasi-isomorphism H — > KerA homotopy inverse to the natural 
projection KerA — > H. □ 



Remark 5.3.2. A solution of the form (5.(> ) is versal iff the cohomology classes 
[(lh)a\ freely generate the C[[h]] — module of cohomology of the complex (g®C[[ft]], 

B + hA) 



We see that the "fibered versal solutions" introduced in §4. 4 describe the 
total space of the bundle A4 — » AJ-. The choice of class of gauge equivalence of 
such solutions corresponds to the fiberwise choice of coordinates M. — > H x A^,. 

5.4 AfRne structure on h 7^ 

In this subsection we show that the moduli spaces M.% for H ^ have canonical 
affine structure. It is induced by the exponential map from §||. 
Let 

a = (B k a k 7 a k := ® k=q ^ p+1 {l ^(X,A"T x ) (5.10) 

denotes the differential Z— graded abelian (i.e. with zero bracket) Lie algebra 
equipped with the differential d + A. Since a is abelian, the deformation func- 
tor associated to a is representable and the moduli space associated with a is 
canonically isomorphic to (formal neighborhood of zero in) the cohomology of 
the complex (a, 8 + A)[l]. Therefore it has canonical structure of affine space. 

Proposition 5.4.1. The differential graded Lie algebra with h ^ is quasi- 
isomorphic to the abelian Lie algebra a. 

Proof. The differential graded Lie algebras Qn are all quasi- isomorphic for H ^ 0. 
The quasi-isomorphism is given by the map 



ih ■ Qh — > 0R=i) in 



f'« -> HP- 1 ^, for (f> p ' q G n°' q (X, A p T x ) (5.11) 



Therefore it is enough to consider the differential graded Lie algebra $h=i- It 
turns out that one can continue the identity map <pn\ : Qn=i — > a of complexes 
of vector spaces to an L^— morphism of differential graded Lie algebras. 

Define the higher components of the L^— map <fi = {0(n)} : Qh=i -» n as 
follows 

0(2) ■ 7i A 72 -> 71 • 72 (5- 12 ) 
<A(3) : 7i A 72 A 73 -> 71 • 72 • 73 (5.13) 

(5.14) 

where the symbol " ■" denotes the natural wedge product on a[l]. Let 71, . . . , j n G 
0?i=i. Consider the Artin algebra 21 := ®™ =1 {C{ei] / ef = 0} where dege^ -I- deg7i — 



1 = 0. Let us look at the equation (4.18) for 7 = J2i Ji e i- Considering the co- 
efficients in front of the term IL;ej in the equation ( [4.18 ) we see that {0(„)} has 



the required property (2.6) □ 
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Remark 5.4.2. The equation ( ET73 j can be directly interpreted as the required 
compatibility of the map {(f> n } of formal manifolds with the action of vector fields 
Q Sr=1 and Q a (see equation ( 2.10^ ). The left hand side is the value of the vector 



field Q a at the point ^(7) and the right hand side is the vector field 0*(Qg n=1 )- 
Corollary 5.1. The moduli spaces Ain, h ^ have canonical affine structure. 



A family of sets of affine coordinates is given by (compare with formula (i-S)) 



e Vni(t) \- il Xo (5.15) 



where {Gi} is a basis in H„{X, C) and Qx * s the holomorphic nowhere vanish- 
ing n—form on Xq. 



Completed tensor products. Let T\,Ti are finetely generated modules 
over the topological(=projective limit of Artin) algebras 01,02- We denote 
as usual by T\ ®"Ti, the completion of the tensor product with respect to the 
filtration by 0\ ® 02 — submodules Ti — ®i+j=kfflfa 1 ® ^cv ^i®^2 is nat- 
urally a 1 <g> 02— module. Let Mn be a finitely generated C(7i)— module (or 
C((h))— module) and T be a finetely generated 0— module where is a pro- 
Artin algebra with the maximal ideal Wlo- The localization at fi = of the 
C[[7i]]®0— module Mh®T consists of the elements of the form 

k=N 

^ fe A fe , A fe g Nk%T 

k=l 

We denote via Nn®(o)0 the minimal completion of the localization at H = of 
A/ft<S)T which contains all the elements of the form 

fr- k f k (t) A, f k (t) e M@,A e Af h ®T 

fc=i 

In particular Nn®(o)T is a C[[fi.]]<8>0— module. 

Remark 5.4.3. The affine structure on A4n defines the canonical affine map 
M.ft — » T-k k - It is distinguished from other affine maps by the condition that it 
induces an identity map on T 7rR . In terms of a versal fibered solution 7^ it can 
be written as 

t> H (t,h) = [hexpip*) - 1] 6 H H ® {0) C[[t H }\ (5.16) 
where is the graded C((h)) — module equal to the cohomology of the complex 

c; = ® k ci c\ = ® q .. p=k aP>*(x,A>'T x )®e(h), B + ha-.c^ c k h +l 

(5.17) 
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Singularity at ft = of the family of affine structures on A4n 

In this subsection we show that the family of afhne structures on have the 



singularity (5.2) at ft = 



Proposition 5.4.4. The family of affine structures on M.ti, ft ^ has pole of 
order one at h = 

Proof. A choice of (a class of gauge equivalence of) versal fibered solution to 
Maurer-Cartan equation 7^ g (g ^HC^g]]) 1 corresponds geometrically to a 

fiberwise choice of coordinates p : M. — > H x Aj.. The affine structure on the 
fiber M.fr, ft 7^ is induced via period mapping to the cohomology of the complex 



QU9D 



(t,h) - [exp(i ft (7ft))] e JT ® (C(ft)§ (0) C[[t H ]]) (5.18) 

The relative tangent sheaf of the total space of the family p : M — ► Ag is 
identified naturally with the cohomology of the complex (g ®C[[ta]][l], 9+ftA + 
[7ft, ■]). Denote this C[[tjj]] — module by Tj^/ K i- The Jacobian of map (5.18) is 
equal to 

*T G T jw/Aj [»»(*7) A expfe^)] G H <g> (C(ft)® (0) C[[t H ]]) (5.19) 
Let us calculate the affine connection 

r&(*) = £(^)^fy» a (5.20) 

where {a Q } is a set of linear coordinates on H. Let dij(t, ft), djj(t, ft) £ Tj^i^i 
are the cohomology classes corresponding to the coordinat e vec tor fields 9j, co- 



tangent to the fiber s. Dif ferentiating twice the expression (|5.18| ) and taking the 



inverse to the map ( 5.19 ) we see that 



v (%^ = [\ d ^ A + d i°M e t m/ki ® c^ -1 ] ( 5 - 21 ) 

Family of vector fields [<9i7ft(t, ft) A djjn(t, ft) + hdidj"fn(t, ft)] is regular at ft = 
and does not vanish at ft = 0. Therefore the order of pole at ft = of the 
connection r^-(ft) is equal to one. □ 

Proposition 5.4.5. The algebra structure defined on Tm by the "residue" of 
the family of affine connections on M.n coincides with the algebra structure 
defined in §5. 



Proof. It follows from the equations ( [5.2l| ) and (|5.8[ ) □ 

Conjecturally the family of moduli spaces should be possible to describe 
entirely in terms of the Aoo— category D b Coh(X). The fibers A4n for ft ^ 
equipped with their affine structure should be identified with open subsets in 
periodic cyclic cohomology of D b Coh(X). The cyclic cohomology corresponds 
to infinitesimal deformations of a section of A4 — > Ai. 
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5.5 Flags and flat connections over 

In this subsection we recall the correspondence due to Rees (see also || ) be- 
tween nitrations on a C— vector space and G m — equivariant vector bundles on 
A{j. (Recall that G m denotes here the algebraic group whose set of C— points 
coincide with C \ 0) 

Proposition 5.5.1. The category of finite- dimensional C— vector spaces equipped 
with decreasing filtration (F- k )k^z is canonically equivalent to the category of 
coherent locally free G m — equivariant sheaves over Aj, . 

Proof. Let V — > A^ be a coherent locally free sheaf equipped with an action of 
G m which covers the natural action of G m on the affine line A^. In particular 
G m acts on the fiber Vo- This action defines canonical grading Vo = ®jgzVq 
where G m acts on the graded component Vq via 

v -> X l v for XeC*,veVo (5.22) 

Similarly, any fiber Vn , fio / receives canonical decreasing filtration 

F >r c F >r-i ...c^^v^r.seZ (5.23) 

This is the filtration by the orders of growth at £ A^ of G m — invariant sections. 
Given a choice of isomorphism of C A i— modules V ~ Vo <8> 0&i a G m — invariant 
section v(K) can be written 

v{h) = h~ p v^ + h-P^v^P+V + ..., w« G V (5.24) 

where the order of growth and the "residue" G Vq P does not depend 

on the choice of the isomorphism V ~ Vo (8> O Put u(fto) £ F~ p C Vn if the 
order at K = of the G m — invariant section v{K) is less or equal to The 
action of G m identifies all the fibers V/j for h ^ 0. This identification respects 
the filtrations. The corresponding associated graded quotent is canonically iso- 
morphic to Vo- 

Conversely, given a vector space V\ equipped with filtration (F- k )kei define 
C A i— module to be the C A i — submodule of Vi ® C [ft -1 , ft] generated by the ele- 
ments of the form h p v where v £ F~ p , p £ Z. This is a free finitely generated 
Oai— module. It has a natural G m — action 

h l v X l h l v, for A G C* (5.25) 

□ 

More generally, a vector space equipped with filtration having arbitrary ra- 
tional indices cti £ Q corresponds to a vector bundle over Aj. endowed with a 
connection over Aj. \ with regular singularities at zero and at infinity, which 
has monodromy of finite order. 

A similar correspondence exists between increasing filtrations and local sys- 
tems over CP 1 \ having a pole of the first order at infinity. The subspace 
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having an index a corresponds to the G m — invariant sections of order < h a at 
infinity. 

For projective complex manifold X n one has the associated Hodge filtration 



(4.20). It corresponds to vector bundle of graded vector spaces £ Hod 9 e ovei 
equipped with connection having regular singularity at h = 0. The fiber £^ od 9 c 
over h is the cohomology of the operator 8 + hd acting on the graded vector 
space of differential forms. The flat multivalued sections of £ Hod 9 e are 



r-q+ 



<j> r *H-^r-], for0 r '« e Q r ' q {X) (5.26) 



5.6 The bundle M 



and the map $ 



ir 



In this subsection we give a geometric interpretation for the results concerning 
the generalized period map from 

An increasing filtration W on ®iH l (X, C)[— i] introduced in §4.2 defines an 
extension of £ Hod s e to a vector bundle over CP 1 as we saw it in 5 5.5. 

Proposition 5.6.1. A filtration W complementary to the Hodge filtration in 
the sense of eq. {{.21 ) defines a trivial sheaf over CP 1 . 



Proof. It follows from ( ggg ) that ®iH l (X, C)[-i] = ® S (F^ S n W< s ) The triv- 
ialization of the extension of the sheaf £ Hod 9 e j s given by the sections ftr s v(K) 
where v(H) G F- s n W< s is a flat (multivalued) section. □ 



The extension of the bundle M — ► Aj.. 

We explain here^that the filtration W defines canonical extension M. w — >• CP 1 
of the bundle M. — > Aj.. 

Let TTfi denotes the base point of the formal moduli space M.%. The Z— graded 
tangent space X^.M/j at the base point is identified naturally with the coho- 
mology of the complex (g,d + HA)[1]. A choice of nowhere vanishing holo- 
morphic n— form induces an isomorphism of Z— graded vector spaces T 7rR A4f i ~ 
Cfr° d9e [n]. The isomorphism is defined canonically up to a multiplication by 
nonzero constant. Therefore we get the structure of a local system with regular 
singularity at H = on the bundle T 7!h — > Aj.. Let us denote by T^%/Q h the 
corresponding connection. The flat multivalued sections of the local system can 
be written as 

[^V^+V 9 ], for J2^ P ' q eKer<9 + A, j p - q £ n°' q {X, k p T x ) (5.27) 

The filtration F maps to the filtration 

(F H )- r = {[ 7 ]| 7 g ® P+q < 2{n -r)^ ' g {X, APT X )} 

on the graded vector space H = T 7ri M. \ . The filtration W maps similarly to a fil- 
tration and defines an extension T~w -> CP 1 of the bundle T 1 IlR -> A^. The 
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afline structure on the fibers Mn, ft 7^ gives an identification of Ain, for ft ^ 
with formal neighborhood of zero in T„ h M.n- Therefore the filtration W induces 
extension A4 W — > CP 1 of the bundle of formal manifolds M. — > A^. Notice that 
the family of affine structures on Ms continues analytically at ft = 00 € CP 1 . 

Suppose that we are given a complex analytic bundle over CP 1 and a section 
with analytically trivial normal bundle. Then it is easy to see that the formal 
neighborhood of this section is trivial as a nonlinear bundle and the trivial- 
ization is unique. It follows from the fact that ff 1 (CP 1 ,G)=0 where G is the 
projective limit of nilpotent algebraic groups of jets of formal diffcomorphisms 
of a superspace with the first jet the same as of the identity diffeomorphism. 
The fact about H 1 follows from ff^C P 1 ,^ ) = if 2 (CP 1 , O) = 0. 

The theorem [j] and the proposition 4.2.3| describe the analog of this phenom- 



ena in the category of formal bundles over CP . We saw above that a choice 
offibered versal solution 7^ corresponds to a fiberwise choice of coordinates on 
M — > Aj, and the formal power series exp(7/i7/i) represents the map to the affine 
space associated with the affine structure on the fibers M.n- The theorem |l| is 
interpreted then as the fact that the nonlinear formal bundle A4 W is trivial. 

5.7 Canonical connection on M. — > and symmetry vec- 
tor field. 

In this subsection we will see that there exists a natural symmetry vector field 
acting on all the structures on M. It is given by the "residue" of the canonical 
connection on the family Mn- 

Let us consider the following connection on T„ n : 

Vlim = V° d/dh + (5.28) 



The flat multivalued sections of this local system are 

p+g _ 
2 



[^V^+V'«], for J2^ P ' q e Keid + A > l P,q € n°' q (X,A p T x ) (5.29) 



This local system corresponds to the same filtration F H having all the indexes 
shifted by (1 — n): 

(F 11 )- 1 C {F H )^ C • ■ ■ C (F H )^- n (5.30) 

Let 'Dd/dh denotes the connection on the bundle p : M. — > AjJ- induced via 
the canonical map M.^ — > T 7Th from the connection In other words by 

definition the covariant derivative along d/dh is the following formal series 

a v 0(<j>")° as- 1 ,, a 
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where § h (t,K) = [l h (hexp(^%) - K)] = [exp(l h <y h ) - 1] is the map M% -> T 7Th 
written in the coordinates corresponding to a fibcred versal solution and the 
frame on T„ R which is covariantly constant with respect to 'Dg/g^- 

Proposition 5.7.1. The connection T>d/dh has regular singularity at h — 0, in 
other words 

V d/dh =g h + H^E^irf-p + eI(t)— 3 +m + ... (5.32) 

Proof. The proof is parallel to the proof of the prop. |5.4.4 . The tangent space 
map induced by $ is 

— : Ff H -» hSjH e 1 ^ (5.33) 

OT 

The image of <9$ jdh under the inverse map is 

% % = In 1 Win + dtan e T^ /a > ® Cfr 1 ] (5.34) 



Notice that 



k^fo) : E/1 - E P+ 2 ^ V 9 ] (5-35) 
Therefore the connection T>g/g h takes the form ( 5.32| ) with 

E-i(r) = £ ^|^>*| S=0 ( T )] 6 Tjw (5.36) 

where 7^ is identified with the cohomology of the complex (jJ®C[[T(y]][l], 3 + 
[7lft=o,-])- ~ □ 

It follows easily from the transformation law of the connection T>g /g h under 
the fiberwise coordinate changes that the "residue" part i?_i(r) is a well defined 
vector field on M. In the sequel we will often denote this vector field simply by 
E{t). 

Proposition 5.7.2. The vector field E(t) acts as a conformal symmetry on the 
algebra structure on 7m-' LieE{°) = °> that is, for any vector fields u, v £ 

[E, mow] — [E, u] o v — u o [E, v] — u o v (5.37) 

Proof. The connection Vq/q^ respects the affine structure on the fibers Mn- 
The compatibility of T>g /q^ with the affine structure can be written as 

V d/dh {V Uh {v h )) = ^v s/ah (u R )(vh) + V Uh (V d/m (v h )) (5.38) 

where = u+u^h+. .. , v% = v+v^h+. . . E r(Aj,,p»T~^ Al ). Taking the 
terms of order H~ 2 at both sides of the formula ( 5.38| ) one obtains the equation 

O - □ 
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Proposition 5.7.3. Assuming that 7^ is the solution which satisfies the con- 
ditions of the theorem [J one has 

-D d/dh = ^:-h-\s(r a )r^ (5.39) 

where s(r a ) = — r a + n — 1 for T a 6 (W< ra /W <ra _i) dual . In particular, one has 
Eq = E± = ■ ■ ■ = in the coordinates corresponding to 7^ . 

Proof. Let us notice that 

(§7 )l e r'WcisigCfiTw]] 

on 



Then the proposition |5.7.1| implies that 



9r a ; <9ft <9r Q 

= - r ^ s(ro ) r «A (5.40) 

a 

□ 

5.8 Invariants of the generalized VHS. 

Fix a point [X z ] in the classical moduli space of complex structures on Xq°° 
and an increasing filtration W on (BkH k (X z , C)[— fc] which is complementary 
to the Hodge filtration. Then the coefficients in the Taylor expansion of the 
power series representing the 3— tensor A? (tw) written in coordinates {tvk} 
form collection of polylinear Sk~ symmetric maps 

4 fc ) : n m -» H, H = ® p , r H r (X,APT x )[p-r] (5.41) 

where we have used the natural identification of graded vector spaces TL ~ 
GrW H ^~ GrW 

In the view of the proposition 5.5.1 it is natural to consider the family of 



moduli spaces Ain equipped with the canonical connection Dd/dh as a nonlinear 
analog of the Hodge filtration. On the other hand as we will explain below 
such families of the moduli spaces can be canonically identified when the base 
point 7r G ^classical cnan g es _ ft jg natural to consider the family of maps 
( [5.41 ) as invariants of the generalized variations of Hodge structure. We will 



see that these invariants form exactly the same structure as the Gromov-Witten 
invariants. 
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Potentiality of A ab (rw) 

Here we start to study the properties of the invariants of generalized VHS. As 
one of the consequences we show that the tensor of algebra structure constants 
A c ab written using the coordinates {tw} on M. satisfies 

V a,b,c,d d a A b cd = (-l)~ a5 d c A b ad (5.42) 

Theorem 2. The power series representing the family of affine connections on 
the moduli spaces is written using the fiberwise coordinates corresponding 
to 7 (t, h) as 

V(h)=d+h- 1 A c ab (r) 

Proof. Let 

(^f( TH ,)=[e^^-l] Q = 
*(o) (rW (ra) + ^-ijWS'^ 5-1 + ■ • • 
where S and ($ w )f 0) (r) =r« 



are the components of the map (4.28). In particular 

£|*(0)(T)=0 

for any a, 6, c. It follows from the equation ( [5.44 ) that 



Therefore 



On the other hand according to the proposition |5.4.4 



(5.43) 



(5.44) 



(5.45) 

(5.46) 

(5.47) 

(5.48) 
□ 



Corollary 5.2. 77ie tensor of algebra structure constants A ab (jw) written in 
the coordinates on M. corresponding to the solution ^ w \n=o has the property 



Proof. The tensor A c nh (r) can be interpreted as th e "r esidue" of the affine con- 
nection onMj (see 5.4.5 ). Consider the equation (|5.6| ) written in the fiberwise 
coordinates corresponding to the solution 7 (r, K) . This equation expresses the 
fact that V(ft) is flat. The term of order gives 



dC£A c ab dr a ) = 



(5.49) 



which is exactly the required property ( 5.42| ) 



□ 
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5.9 Flat metric on M. 

Here we explain that if the filtration W on H* (X, C) is isotropic with respect to 
the Poincare pairing then a (holomorphic) flat metric which is compatible with 
the algebra structure (equation (5.67)) and the affine structure (equation 
( |5.72D ) is induced on M. 

Assume that the filtration W< C W<i C • • • C W< n = ® k H k (X,C)[-k] 
introduced in §|| is isotropic with respect to the Poincare pairing < , > in the 
following sense: 

< 01, 02 >= 0, for 0i G W< r , 02 £ W<„_ r _i (5.50) 
This property together with the corresponding property 

< 01, 2 >= 0, for 0i G F^ r , 02 G F^ n ~ r+ i (5.51) 

of the Hodge filtration implies 

< S , S / >^ 0, for r G F^ r n W< r , <j> r , G F^ r ' n W< r , =>r + r' = n 

(5.52) 

Assume that a choice of nowhere vanishing holomorphic n— form Six is fixed. 
Define the pairing 



(71,72) := / (7i A 72) h tt x An x , for 7l , 72 G 8 P , g O°'9(X, A"T X ) (5.53) 
Proposition 5.9.1. 

(£71,72) = (-l) Pl+,1+1 (7i, 572) (5.54) 

(A 7 i, 72 ) = (-ir+^(7i,A72) (5.55) 

Proof. The proof follows from the integration by parts formulas. □ 



Proposition 5.9.2. The pairing (5.55) induces a natural pairing on the oppo- 
site fibers of the local system T 7rR ® T 7T _ h — » C 

Proof. Recall that the fibers of the local system T Vh — > are naturally iden- 
tified with the cohomology of the complex (g, 5 + HA)[1}. □ 

Proposition 5.9.3. The pairing h n ~ 2 ( , ) : T 1XK <E>T 7r _ h — > C is locally constant: 

d h H n - 2 (u h) v- n ) = h n - 2 {Vl jdh u hl v. h ) + h n - 2 (u h , V T d/dh v- h ) (5.56) 

where u h = u + uyjh + . . . , v h = v + v^h + . . . G T(A$-, ^n^M/Ai)' 

Proof. The locally constant elements of r(Aj. \ 0, 7r£T~^ Al ) are of the form 
( p9| ). □ 
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Consider the same pairing written in the locally constant frame on T 7Th — > 
Proposition 5.9.4. Assuming that the filtration W is isotropic one has 

Vu,» ee^^qir 1 ]] (u(H),v(-h)) eCiih- 1 }} (5.57) 

In other words the pairing ( , ) : T„ h ® T w _ n — > C extends over h = oo. 

Proof. For u G H the corresponding element of (8 + HA)— cohomology class can 
be written as l^u, where l^ 1 : E7 P ' 9 ] ~~ * E 5 7 P ' 9 ]- Notice that for any 



A" 



where degw p ' 9 = q - p for G ft '? (X, A?T X ) ■ To complete the proof it is 
enough to notice that by the property ( |5.52 ) for u G W<»., w G W< r ' 



(uh(])A(«hl])^0=^ s(r) + s(r') < n - 2 (5.59) 

□ 

Let us denote by 

$ w > H (T W) h) =[hex P ±p w (T,h) - n]e i? ( n)g(o)C[M] (5.60) 

the formal power series representing the canonical map A4n — > T WR written using 
the fiberwise coordinates corresponding to 7^. 

Consider the pairing induced on the tangent sheaf of M via this map from 
the pairing T 7rR ® T,_ s — > C 

:= (fl^^T*, ft), 8,^(7*, -fi)) (5.61) 

Theorem 3. Assuming that the filtration W is isotropic the induced pairing 
does not depend on h: 

V it, v G T Mo ($ w )*(u, v) G h°C[[Tw]] (5.62) 
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Proof. Notice that 



(<S> w )*(u,v) = / (d u j w (T,H)e^ {T - h) Ad v j w (T,-h)e-^ (T '- fi) )hJ]Afi = 
Jx 

(5.63) 

{d u ^ w {r,h)d^ w {r,-h)e^To^)+^ 

(5.64) 



x 



Hence ($ w )*{u,v) G Cp]]§C[[r w ]] 

On the other hand for any u G Tm q its image under the map (<f> w ' H )* written 
in the locally constant frame on T 7Th — > Aj. lies in 

€ ©rW^R'WCtlfi-^SCIfTw]] (5-65) 



Therefore by the proposition 5.9.4 



Vu,v€T Mo ($ w )*(u,v) G C[[ft- 1 ]]®C[[7w]] (5-66) 

□ 

Proposition 5.9.5. 27ie pairing (& w )* : Tf^ a —> C is compatible with the 
algebra structure on Tj^ in the following sense: 

V u,v,w G T Mo (<P w )*(uo Wl v) = (^ w )*(u,wov) (5.67) 

Proof. The pairing T^ h ® T n _ n — » C induces via the canonical map A4n — > T WR 
the pairing 

$* : T Ms ® 3^_ n -> CW^_„ (5.68) 

One can regard the pairing ($ w )* : T^l -> O M0 as being induced from the 
pairing $^ via the identification of the fibers Ain, ~ .Mo associated with the 
fiberwise coordinate choice corresponding to 7^. The pairing <f>^( , ) is com- 
patible with the affine connections on the fibers A4n, M.-%. 

V u,v,w G r(x,T^ /A i) 

I*e ( „ (ft)ilI)( _ fc ))*J(«, v) = ^(Vfl^ttfl 1 *). «(-&)) + V(-ft) w w(-fi)) 

(5.69) 

To prove this equality it is enough to notice that it becomes trivial if one uses 
affine coordinates on the fibers Ms,M-s. For u,v,w G T(Mq,Tm ) denote 
by u(h),v(h),w(h) G r(A / (, Tj^/ A i) the relative vector fields such that u(0) = 
u,v(0) = v, w(0) — w and u(fi), v{h ), w(fi ) are constant in the trivialization 
of p defined by 7^. The equation (5.67) is obtained from (5.6E) applied to 
u(h), v(H),w(H) by looking at the terms of order fir 1 . □ 
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Second proof. Taking the terms of zero order in h in (5.64) we sec that 

($ W )*(u, v)= I (9„7$ A 9,7$ A e 2 ^») h SI A SI (5.70) 



A' 



Therefore 



V u,v,w £ Xm (& W )* (u o w,v) = 

{dulYv A ^(0) A Mo) A e 2 ^ (T) ) ^AU = W o „) (5.71) 



A 



□ 



Recall that {A a } denotes a basis in the graded vector space H compatible 
with the direct sum decomposition H*(X, C) = © r F- r n W< r . We have also 
denoted via {t^} the natural coordinates on M. assocated with the formal 
power series 7^ |?i=o ("?")■ Since the filtration W is isotropic the Poincare pairing 
induces the pairing on GrW* which we will denote by the same symbol < , >. 



Proposition 5.9.6. 

(<£ w )*(d a ,d b ) = (-lf("-i)~n+n <Aa hSl,A b hSl> 



(5.72) 



where A b € W< r D (F H )- rb and b = k for A b S H k . In particular, the pairing 
(Jf> w y : (Tm )® 2 — ► Oai * s constant in the coordinates {i~w}- 

Proof. It follows from the theore m ^ that one should take into account only the 
following components of & w in ( 5.61 ): 



(<t> w )*(d a: d b ) =2^ (r " ) (-fi)* (r * ) (P-*(o)Ac], [&*gA d ]) 

c,rf 

= (_i)5(»-i)-r»-H» < A Q h f2, A b \~ Si > (5.73) 



where in the last step we have used the property (4.34) and the calculation 
( p8| ). " □ 

Corollary 5.3. The pairing (tf> w )*(, ) is symmetric and nondegenerate. 



Proof. These properties follow from the equation (5.67) and (5.72) correspond- 
ingly. 

Proposition 5.9.7. The vector field E G Tm is conformal with respect to the 
metric induced by <S> W : Lie E ($ W )*( , ) = (2 - n)(<f> w )*( , ), that is 

E(<S> w y(u, v) - ($ W )*([E, u],v)- (t> w y(u, [E, v}) = (2 - n)($ w )*(u, v) 

(5.74) 
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Proof. As in the proof of proposition 5.9.5 let us regard the pairing (Q w )* 



T^m ~ * ®M as being induced from the pairing <£>£ defined in (|5.68;). The 



connection T>g/g h respects the pairing H n 2< f>^: 

V a/en h n -H* h (u(x, fi),v(y, -h)) = 
h n -H* H (D a/dh u(x, H),v(y, -h)) + h n - 2 $* h (u(x, h), V_ d/dh v{y, -h)) (5.75) 

Let us apply this equality to u{K), v(K) £ r(A^,p*T~^ A i) which are constant in 
the trivialization corresponding to 7^. Notice that for such vector fields 

(<J> w )*«t, 0), v(t, 0)) = $|(u(r, H),v(t, -h)) (5.76) 



Let us restrict both sides of the equation (5.75) to x — y and pick up the terms 
of order fi" -3 . A short calculation gives the equation (5.74). □ 



5.10 Flat identity 

Consider the coordinates on M. associated with the power series 7^ = j w \h=o(Tw)- 

Proposition 5.10.1. The coordinate vector field do corresponding to the ele- 
ment Aq — [1] G W< n /Wj? _ 1 is the identity with respect to the algebra struc- 
ture on Tm . 

Proof. We need to prove that 

9o7(% = [l] G Kera+[7 ( ^,]/Im<9+[7 ( %,] (5.77) 
The relative vector field corresponding to 

Sj = h[l] e Ker B + HA + [j w , }/lmd + HA + [j w , } (5.78) 
is sent by the map 

[exp{ltff w )]* : TM h -> TT„ h (5.79) 
to the family of eulerian vector fields 

L — g~ — J = [ex P (; ri 7 )] = Xh g^: ( 5 - 80 ) 

in the fibers of the local system T nh . On the other hand, since the series ^ w 
satisfies the conditions of the theorem |l| the image of the family of eulerian 



vector fields under the inverse to the map (5.79) is the family written in the 
coordinates tw as 



£(1 + * V>9 )(^" 1 )^ - ^ + *Vr) + fT^ir) + .. (5.81) 

a.b 



Therefore 



^ = [1] &Keid+HA+[j w , }/lmd + hA+[j w , } (5.82) 
or" 

□ 



classical 



5.11 Dependence on the base point n £ Ai 

In this subsection we study the variation of the structure introduced above with 
respect to the deformations of the base point tt. 



Let us denote by 4> the coordinates defined by the map (4.35) on a neigh- 
borhood of the point [Xq] of the moduli space J\ i /l classtcal f complex structures 
on Xc<= ■ 

Let W(cf),W(0) = W be the family of nitrations on ffi.iTpC^C) locally 
constant with respect to the Gauss-Manin connection. If W(0) is complemen- 
tary to the Hodge filtration at = the filtration W(<p) remains complementary 
to the Hodge filtration for </> sufficiently small. Let fi^ be the family of n— forms 
which are holomorphic in the complex structure corresponding to <fi an< i which 
are normalized according to the formula ( [4.8[ ). 

We see that we get a family of (formal) moduli spaces M{<f) equipped with 
coordinate systems GrW(cj)) — > A4((f)), multiplications on T M ^, symmetry 
vector fields, and the pairings induced by generalized period mappings from 
the pairings defined by Sl<^. We claim that this family of structures essentially 
does not depend on the base point 4> 6 j^ciasicai _ rp ng g rac j ec j vec t r spaces 
GrW((f>) are identified by the Gauss-Manin connection. Consequently one gets 
the identification of the moduli spaces Ai(<p) for sufficiently small 4>. Denote by 

the linear coordinate on W< n -i/W <n _3 corresponding to <j>. 

Proposition 5.11.1. 

g7A c ab (T W ,<f>)\^ = ^A c ab {Tw,0) (5.83) 

Proof. Let 0(0), 0/i=i(</>) denote the differential graded Lie algebras associated 
with the base point X^. Let 

to, u) g n°>\x(o), T) © n°>°(x(o), o) 

denote the elements describing according to the proposition |4.1.l| the defor- 
mations of the complex structure corresponding to X^ and the holomorphic 
volume element The proof follows from the standard quasi-isomorphisms 
(0) ~ (0(0), d :=d+\p4, •]), QH=i(<t>) ~ (fln=i(0), d := 8 + A + [ P4> + fa •]). □ 



It was shown in the proposition 4.2.6 



that 



17(0) = expCy^T* ft = 1)) H Q(0) (5.84) 
From this fact it can be deduced analogously that 

^(^)*(d a ,d b )=0 (5.85) 
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5.12 Probenius manifolds 



Let us recall the definition of formal Frobenius (super) manifold as given in 
[KM], [Du|. Let Ti be a finite-dimensional Z 2 -graded affine space over|^ C. It is 



convenient to choose some set of coordinates x-u — {x a } which defines the basis 
{d a ■= d/dx a } of vector fields which are generators of affine transformations. 
Let one of the coordinates is distinguished and denoted by xo- Let A c ab G C[[x-h]] 
be a formal power series representing 3-tensor field, g ao be a nondegenerate 
symmetric pairing on Ti. 

One can use the A c ab in order to define a structure of Cffa^JJ-algebra on 
Ti® <C\\xn\\, the (super)space of all continious derivations of C[[xh]], with mul- 
tiplication denoted by o: 

d a od,,:=J2A c ab d c (5.86) 

C 

One can use g a b to define the symmetric C[[ic^]]-pairing on Ti (g) C[[x-^]]: 

(d a ,d b ):=g ab (5.87) 

These data define the structure of formal Frobenius manifold on Ti iff the 
following equations hold: 

( 1 ) (Associativity / Commutativity/Identity) 

Va,b,c,d Y, A «b A ic = (-^T (l+e) Y, A tcAta (5-88) 



Va,6,c A c ba = (-lf b A c ab (5.89) 

equivalently, A ab are structure constants of a supercommutative associa- 
tive 

C[[x^]]-algebra. It is required also that do is an identity element of this 
algebra. 

(2) (Invariance) 

Va, b,c (a o b,c) — (a,b o c), (5.90) 

equivalently, the pairing g ao is invariant with respect to the multiplica- 
tion o. 

(3) (Potential) 

Va,6,c,d d d A% b = (~ir J d a A c db , (5.91) 



which implies, assuming (fT||) and ( |5~9Cl ), that the series A abc are the 



third derivatives of a single power series C[[x^]] 

Aabc = d a d b d c <t> (5.92) 



One can work over an arbitrary field of characteristic zero 
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(4) (Euler vector field) There exists an even vector field E acting as a conformal 
symmetry with respect to the multiplication and the metric on 7^ in the 
following sense: 

Lie E (g) = Dg, DeQ (5.93) 
Lie B (o) = o (5.94) 

5.13 Family of Frobenius manifold structures on Ai 

Recall that the set of rational Gromov-Witten invariants of a projective manifold 
Y defines the Frobenius manifold structure on (B p , q H q (Y, fl p )[— q — p] considered 
as a (super)affine space. Analogously, given a filtration W complementary to 
the Hodge filtration the set of the invariants of generalized variations of Hodge 
structures defines the Frobenius manifold structure on M identified with (su- 
per )afHne space (£>p, q H q (X , A p Tx)[—q — p] with the help of the map Gr$ w (see 

Theorem 4. Assume that we are given an isotropic filtration W on the graded 
vector space H*(X,C) which is complementary to the Hodge filtration. Then 
the affine structure on M corresponding to the series j w \h=o( T w) > the algebra 
structure on T_m, the pairing (& w )*( , ) induced by the generalized period map- 
ping and the symmetry vector field E define Frobenius manifold structure on 
M. 

Proof. We have checked all the required properties above in this section. □ 



Remark 5.13.1. Frobenius manifold structure on M described in [BR J is ob- 
tained if one takes as the filtration W the complex conjugate to the Hodge filtra- 
tion F . 



Remark 5.13.2. The expressio n (5.71) sugg ests that there might exists a for- 
mula of Chern-Simons type (see , BK ],i BCO\ }) for the function J- w whose third 
derivative equals A a bc{jw) 

6 Mirror Symmetry in dimensions n > 3 

Let (X, Y) be a pair of mirror dual Calabi-Yau manifolds. Hypothctically there 
exists singular point on the compactification of the moduli space of deformations 
of X such that the associated limiting weight filtration W is complementary 
to the Hodge filtration on ©j,iJ fe (X, C)[— k] and its associated quotent GrVF 
is naturally isomorphic to (BkH k (Y, C)[— k]. Let us consider the invariants of 
generalized variations of Hodge structure associated with X which are written 
using the filtration W at the singular point. 

Mirror Symmetry conjecture in higher dimensions. The rational Gromov- 



Witten invariants of Y coincides with the invariants (5.1) of generalized varia- 
tions of Hodge structure associated with X. 
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In this section we prove this conjecture in the case of projective complete 
intersections. 



6.1 Projective hypersurfaces 

Let Y n C P™ +1 denotes a smooth variety defined by the equation 

P{xi, . . . ,x n+2 ) = 

of degree (n + 2) in (n + 2) homogenious coordinates (xi : . . . : x n+2 ). The 
canonical class of Y n is trivial. A nonzero section of the sheaf of holomorphic 
n— forms can be written as 

% 'yt^_ 1 y X i dxi A ... A dxj A ... A dx n+2 ^ ^ 

i=l ^ 

Let X™ denotes the family of Calabi-Yau varieties obtained by the resolution of 
singularities from the varieties: 

{•:.n : ... : x n+2 )\x™ +2 + ...+ x n n %\ = z ■ Xl x 2 . . . x n+2 }/(Z/(n + 2)Z) n (6.2) 

where (Z/(n+ 2)Z) n is the group of diagonal matrices acting on the zero locus 
of the above equation 

i=n+2 

{diag(Ci,... ,Cn +2 )|Cr +2 = l, II C« = l}/{diag(C,... ,C)|C" +2 = 1} (6.3) 

i=l 

The 1— parameter family of varieties X™ is mirror dual to the universal family 
of Calabi-Yau hypersurfaces Y n C P" (seejBvSf ,iGMP||). The varieties X n and 



Y n are known to satisfy (see [BB 



dim H q (Y,n p ) = dim H q (Y, fi n ^ p ) (6.4) 
6.2 Complete intersections 

More generally let Y n (li) be a smooth variety defined as the intersection of the 
hypersurfaces Ci, ■ ■ ■ ,C r C P n+r of degrees l\,...,l r , l\ + . . . + l r = n + r + 1. 
A construction of the mirror dual family of Calabi-Yau manifolds Y™(/^) was 
proposed in [BvS]. The smooth varieties X"(li) are the Calabi-Yau compactifi- 
cations of the complete intersection of r hypersurfaces 

ux+ . . . +u h = 1 

u h+ i+ . . . +u h+ i 2 = 1 ^ ^ 

ui 1+ .. .+*,._!+ ... +ui 1+ ... + i r = 1 

inside the algebraic tori {u\ ■ u 2 ■ ■ ■ ■ u n+r+ i = z\z ^ 0} C A n+r+1 . The pairs of 
varieties Y n (li), X n (li) have Hodge numbers satisfying (|6.4D according to [BB]. 
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6.3 Weight filtration 

Let us denote by v : X(k) — > S the total space of the family X Z {1{). Let 
denotes the standard limiting weight filtration on S)kH k (X™, C)[—k] associated 
with the singular point z — in the family X™. Recall that there exists a unique 
increasing filtration W< C W <x C . . . C W' <2n associated with a nilpotent 
operator N acting on a vector space V with the properties 

• N : W<; C W4,_ 2 

• iV* : Gr n +iW — > Grn-jH 7 ' is an isomorphism 

The limiting weight filtration on ©fc£f fc (X z , C) is the filtration defined by the 
nilpotent operator N — log(T) where T is the unipotent part of the monodromy 
around z = 0. Denote by W< r = W' <2r the same filtration with all the indexes 
divided by two: 

W^oCW^i C...cW< n = H*(X,Q) (6.6) 



It can be shown using the technic from [BE] an d ||DL| that 14 7 , is complementary 



to the Hodge filtration F*(X Z ) in the sense of ( fl.2l| ) for sufficiently small z and 
that the monodromy is in fact unipotent (this is an extension of the condition 
of the (strong) maximal degeneracy of the point z = 0, see for example H , Q ) . 
Let us introduce the following bigrading on the space Gr W = (B r W< r /W <r _i : 

GrW = ® t ^eo..,n(GrWyi , 

(Gr wf = {w< n _ {l+3)/2 ^w- l+n (x, C))/(w< n _ {l+3+l)/2 yjw- l+n (x, C)) 

(6.7) 

Since W is complementary to the Hodge filtration F one has Gr W ~ Gr F and 

(GrW) ij cifPpCnj - *) (6.8) 



A choice of holomorphic n— form fix defines a pairing (5.53) on the space 
GrF H = ® l jHi(X,A i T x )[~i-j}- It induces a natural pairing on the the space 

GrF = eijH^X^^i-i - j] via the identification Gr F H h = x GrF where 
the same choice of the holomorphic n— form fix is used. When considered as a 
pairing on Gr W ~ Gr F this pairing does not depend either on the deformations 
of complex structure on X nor on the choice of f2. This pairing is symmetric with 
respect to the total grading ( |6.7[ ) on GrH'. It differs from the pairing induced 
from the Poincare pairing by certain signs depending on the given bigraded 
component (see eq. ( 5.72| )). 



It is known that the operator N acting on GrlV has properties similar 
to that of the operator of multiplication by the Kahlcr 2-form acting on the 
cohomologies of a projective manifold. In particular, the operator N defines 
the "Lefschetz decomposition" on Gr W . The restriction of the pairing to the 
corresponding primitive subspaces satisfies the analogs of the Hodge-Riemann 
bilinear identities (see Q and references therein). 
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Recall that the only nonzero Hodge numbers of Y are h p,q for p + q = 
dimcF, and h p ' p = 1 for p ^ dimcF/2. Let us denote by L the operator of 
the multiplication by the Kahler 2-form acting on H* (Y. C) . The Lefschetz 
decomposition on H* (Y, C) has the following structure 

H*(Y,C) =< A 0) ... ,A„ > ®(® fc=1 ...dimP"(yx) < & k >) (6.9) 
A = l, LAi = Ai+i, LA n = 0, A 4 e i/ 2l (F, C), n = dim c r 
Ze fc = 0, e fc eff"(F,C) 



It follows from the property (4.21) that the "Lefschetz decomposition" induced 
by the operator N on Gr W has similar structure. 

Proposition 6.3.1. There exists an isomorphism of the Z— graded ^| vector 
spaces 

f : H*(Y,C) -> GrW (6.10) 
preserving the pairing and such that f~ 1 Nf = L 

Proof. It follows from the coincidence of the dimensions of the components of 
the Lefschetz decompositions. □ 

Let us denote 

A 4 = /(A i ), e fc = /(e fc ) (6.ii) 



We will use the linear map / in § p.5| to compare the Gromov-Witten in- 
variants of Y n (li) with the invariants of the generalized variations of Hodge 
structures attached to X n {U) 

6.4 q-expansion 

Let 

Ti e H n (X z ,C) n Wk-i, NT t = L 4 _! 

Zk&W^_ n/2 , N~ k = (6.12) 

the elements which form a frame in H*(X Z ,C) which projects to the frame in 
Hom(GrH / , C) dual to {Ai,8fc}. It follows that the monodromy transforms 
To, Ti into 

T(L )=r , T(L 1 )=L 1 +r (6.13) 
Let J7(z) denotes the holomorphic n— form on X z normalized so that 

fi(z) = 1 (6.14) 



5 When we speak about the Z— grading on Gr W we mean the total sum of gradings (3.7) 
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Recall that we have associated the formal power series A a t, c (T,z) to the choice 
of the base point z of the classical moduli space of complex structures, of the 
isotropic filtration W complementary to the Hodge filtration, and of the nor- 
malization of the holomorphic n— form f2(z). 

According to the formula ( 4.35| ) affine coordinate induced on the base of the 



family X™ via the map Gr ^"] M ciassicai can be identified with the period 

t base (z) = [ tl(z) (6.15) 



ri 



It follows from the formula (6.13) that the family of formal power series A a b c (T\ t base (z) ) 
depends on t base (z) only through q = exp((27ri)t base (z)). Denote by r Fl the 
coordinate on the formal moduli space A4(q) corresponding to the element 

[r x ] e (w< n - 1 /w< n _ i )*> al . 

Proposition 6.4.1. 

A abc {T,T Fl ;q) = A abc (T,0;exp{27TiT Fl )q) (6.16) 
considered as power series in (r, q) 



Proof. It follows immediately from the prop. 5.11.1. □ 



One can assume without loss of generality that the element Ti defined up to 
an addition of an element proportional to Tq is chosen so that the coordinates 
q on the base of the family X(Ji) coincides with the similar coordinate from 



6.5 Invariants of the generalized VHS and Gromov-Witten 
invariants 

Let C a bc(T',q), t 1 G H*(Y n ,C) is the generating function encoding the whole 
set of rational Gromov-Witten invariants (for the definition of C a bc(T~',q) see 
[ |KM| , |BM[ ) of the smooth projective Calabi-Yau variety Y n (li) which is the 
intersection of the hypersurfaces of degrees h,... ,l r . We would like to identify 
C a bc(r',q) with the generating function A a fc c (r, q) of the invariants introduced 
in section || which are attached to the dual family X n (li). 



Picard-Fuchs equations 

Here we explain how to write down the equations satisfied by the periods of the 
holomorphic n— form £l(q): 

[ (6.17) 

•iTi 

where AT^ = I\_i are the locally constant elements defined in ( |6.12 ). 
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Let us denote 

AJ e W< n -i nf-"~' C\ H n (X q ,C), <£?,.•■ ,A« >=ImN i , 

Q 9 k e W<„/ 2 n F- n l 2 (6.18) 

the sections of R*i/„(Cx) whose images in Gr W coincide with Aj, 0^. 

Proposition 6.5.1. 27ie covariant derivatives of Af with respect to the Gauss- 
Manin connection have the following form: 

2),A?_i = -Oi(g)A? , for i G l...n-l (6.19) 

o<(g) = l + o(g) (6.20) 

Proof. The operator TV is locally constant. It follows that the subspace gener- 
ated by A?,... , A* is preserved by the Gauss-Manin connection. The equation 
( |sl9|) follows now from the Griffiths transversality condition D q F- s C F- s l . 
The form ( 6.20 ) of the coefficients a,i(q) follows from the nilpotent orbit theorem 
(see |5|] and references therein). □ 

One can check that Q(q) = Aq. The conditions ( 6.14 ) and ( 6.1 5| ) imply also 
that Afi(g) = A?. 

Corollary 6.1. The periods of the holomorphic n—form £7(g) satisfy 

d t (-7^d t (...d t (—^--d t I n(e^))...)=Q (6.21) 



^ n (e 2 "*) IV " tv ai(e 2 "*) 



r, 



□ 



Let 



Af,9^ e®^(X 9 ,A s T x J[ S -r] 
correspond to A,, 0^ £ Gr W via the composition of isomorphisms 

GxW ~ GrF H ~ 9) © r , s iT(X 9 , A s T x J[s - r] 

In particular, Ajf = 1 and Af = [Jj]. 
Proposition 6.5.2. T/ie following identities hold 

Af • A?! = Oi(g)Af , /or i e 1 . . .n - 1 (6.22) 

m the algebra ® r , s H r (X q , A s T Xq )[s - r] 



16 In the sequel we will denote the coordinate t base simply by t when it does not seem to 
lead to a confusion 
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Proof. The covariant derivative of the flag F t is a linear map 

GrF^* -» GrF t -* -1 

It coincides as an element of 

ffi^Hom {H r (X t , n s x ),H r+1 {X, Q^ 1 )) 
with the cup multiplication by d/dt □ 

Small quantum cohomology differential equations 

Here we decribe the analogous differential equation involving the structure con- 
stants of the small quantum multiplication on H * (Y, C) . 

Proposition 6.5.3. The following identities hold in the small quantum coho- 
mology algebra ofY{li) 

Ai • Ai_i = a(q)Ai, for i£l...n-l (6.23) 
Ci (q) = l + o(q) (6.24) 

Proof. It follows almost immediately from the definitions. The only thing to 
check which is not immediately obvious is the fact that Ai ■ A^_i £ < A» > 
in the case dim Y is even. This follows from the fact that the calculation of the 
small quantum multiplication Ai • A.j_i can be reduced to the calculation of 
certain intersection numbers on the space of stable maps to the projective space 

Qpn+r+1 D YQ.y □ 

Consider the differential equation of the n + 1-st order 

^^^^■■■^(^T^m )...) = (6.25) 

Proposition 6.5.4. For the pair of mirror families X(li),Y(li) one has 

a?{q) = cj{q) (6.26) 

Proof. The theorem 11.8 from Q implies that the two differential equations 
(||l]) and ( |6~25| ) have the same space of solutions. This identifies af and cj 



up to a multiplication by a constant. The latter ambiguity is fixed by the 
conditions fl6.20| ) and ( |6.24| ). □ 



The two generating functions 

Here we prove the theorem establishing the coincidence of the Gromov-Witten 
invariants of the projective complete intersection Calabi-Yau manifolds and the 
invariants introduced in the section || associated with their mirror duals. Recall 
that we use the map / : H*(Y, C) — » GrW defined in the proposition 6.3.1 to 
compare the generating power series A{t, q) and C(t, q). 
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Theorem 5. 



C a bc(T,q) = A abc (T,q) 



(6.27) 



in other words the rational Gromov-Witten invariants ofY n (li) coincide with the 
invariants of generalized variations of Hodge structures associated with X n (li) 

Proof. The idea of the proof is to use the constraints on the series j4 a (, c (r, q), 
C a bc{T, q) arising from the equations defining the Frobenius manifold structure 
and the proposition |6.5.4 . Let us consider the Taylor expansions 



C a bc(r,q)= ^2 —e(a,b,c,di...d k )<e a ,e b ,e c ,e dl , 



-L>Q 1 d\...du 



A a bc(T, q) 



E 



7n>0.di...dk 



k\ 



e(a, b, c, di . . . d k ) < e a , e b , e c , e dl , ■ 



,e dk q m T d i...r d * 



(6.28) 
pa >^ a m T dl 

l c d k q ' 



f 



where {e^} denotes the basis (|6 . 9|) , ( p . 1 1|) in H*(Y, C) ~ GrW and e is the 
standard sign depending on the parity of the elements e di ■ Recall that the 
conformal symmetry vector field acts on both power series (see eq. ( 5.37 ) for 
the case of A abc ) 



£(rH£i(degT° + 2KA 



(6.29) 



where degr a = -k for r Q e (W< {n _ k)/2 /W< (n _ k _ 1)/2 ) dual L ' 



(H k (Y, 



It follows that 

<e 0l) ... ,e ak >^ (c V0^^dege a! = 2dim c X + 2{k - 3) 



\dual 



(6.30) 



where dege Q = k for e„ e H k (Y, C) ~ W< {n _ k y 2 /W<( n _ k _ 1 y 2 - It follows from 
the proposition 5.10.1 th at A a bo(T, q) — r\ a b where r\ a b is the 2— tensor of the 
metrics. The proposition 3.5.4 together with the grading conditions defined by 
the symmetry vector field E(r) imply that C o t> c (0, q) = A abc (0, q) whenever one 



of the indexes a, b, c corresponds to H 2 {Y, C) ~ (Gr W) 2 . The proposition 6.4.1 



implies that the following analog of the "Divisor axiom" holds for the series 

A a bc(T,q) 



V a,b,c,d\ . . .d k ;m 



A -A J 

^ &b-> Cc-t &di ) * * • ) &dk i ^1 -^m — ^ ^a? &bi &c-t &d\ ; • • * 5 ^d^ ^7 



(6.31) 



where Ai is the basis element corresponding to d/dt base . Let us consider the 
associativity equaion 

Va,b,c,d, J2 A -bfV f9 A gcd = (-lf Cb+E Y / A bcfV f9 A g ad (6.32) 
f,g f,g 
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and similarly for C a bc- Notice it follows from the grading condition (6.3C) that 
any nonzero expression < , . . . , ei k > ( f ri contains no more then two elements 
from the "nonalgebraic" subspace generated by 0^. Analogously the same is 
true for the Taylor coefficients of the series Aa^dr, q) and the elements from 
the subspace generated by Qi. Using the equation ( |6.32 ) as in the proof of the 
theorem 3.1 from KM] all the Taylor coefficients of the series A a b c and C a b c can 
now be identified inductively. □ 

Let {Qi] denotes a locally constant frame in H*(X q ,C). 

Corollary 6.2. The Gromov-Witten invariants ofY{li) are expressed in terms 
of the generalized periods J„ H w (r,q) (see formula ((.2£)) associated with the 
dual family X(li) 



C c ab (r,q) 



E 



((dnr^dadbii 1 



(6.33) 



References 

[BK] S. Barannikov, M. Kontsevich, Frobenius manifolds and formality of 
Lie algebras of polyvector fields, Internat. Math. Res. Notices, no. 4 
(1998), 201-215. 

[BB] V.V. Batyrev, L.A. Borisov, Mirror Duality and String- Theoretic 
Hodge Numbers, Invent. Math., 126 (1996), 183-203. 

[BvS] V. V. Batyrev, D. van Straten, Generalized hypergeometric functions 
and rational curves on Calabi-Yau complete intersections in toric 
varieties, Comm. Math. Phys. 168 (1995), 493-533. 

[BM] K. Behrend, Yu. Manin, Stacks of stable maps and Gromov-Witten 
invariants, Duke J. Math. 85 (1996) no. 1, 1-60. 

[BCOV] M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, Kodaira-Spencer 
theory of gravity, Comm. Math. Phys. 165 (1994), 311-427. 

[COGP] P. Candelas, X. de la Ossa, P. Green and L. Parkes, A pair of Calabi- 
Yau manifolds as an exactly soluble super conformal field theory, Nu- 
clear Physics B359 (1991), 21-74. 

[D] P. Dcligne, Local behavior of Hodge structures at infinity, Mirror Sym- 

metry II (B. Greene and S.-T. Yau, eds.), International Press, Cam- 
bridge, 1996, pp. 683-700. 

[DGMS] P.Deligne, Ph. Griffiths, J.Morgan, D.Sullivan, Real homotopy theory 
of Kdhler manifolds, Invent. Math. 29 (1975) 245-274. 

[DL] J. Denef, F. Loeser, Germs of arcs on singular algebraic varieties and 
motivic integration, to appear in Invent. Math. 



49 



B.Dubrovin Geometry of 2d topological field theories, LNM 1620, 
Springer, 1996, 120-348. 

A. Givental, Equivariant Gromov-Witten invariants, Int. Math. Res. 
Notices 13 (1996), 613-663. 

W.Goldman, J.Millson, The homotopy invariance of the Kuranishi 
space, 111. J. Math., 34 (1990), pp. 337-367. 

B. Greene, D. Morrison, and R. Plesser, Mirror manifolds in higher 
dimension, Comm. Math. Phys. Vol. 173 (1995), 559-598. 

P. Griffiths, J. Harris, Principles of algebraic geometry, John Wiley 
& Sons, 1978. 

M. Kontscvich, Deformation quantization of Poisson manifolds I, 
preprint |q-alg/97090~ . 

M. Kontsevich, Homological algebra of mirror symmetry, Proceedings 
of the International Congress of Mathematicians, Vol.1 (Zurich, 1994) 
(Burkhauser, Basel), 1995, pp. 120-139. 

M. Kontsevich, Yu. Manin, Gromov- Witten classes, quantum co- 
homology, and enumerative geometry, Commun. Math. Phys. 164 
(1994), 525-562. 

D.Morrison, Compactifications of moduli spaces inspired by mirror 
symmetry, Journees de Geometrie Algebrique d'Orsay (Juillet 1992), 
Asterisque, vol. 218, Societe Mathematique de France, 1993, pp. 243- 
271. 

S.Merkulov, Strong homotopy algebras of a Kdhler manifold, Intern. 
Math. Res. Notices (1999); A. Polishchuk Homological mirror sym- 



metry with higher products, preprint math. AG/9901025 



C. Simpson. Mixed twistor structures, preprint alg-geom /9705006| . 

J.Stasheff On the homotopy associativity of H-Spaces I, II, Trans. 
AMS, vol. 108, 1963, pp. 275-312. 

M.Schlessinger, J.Stasheff, The Lie algebra structure on tangent 
cohomology and deformation theory, J. Pure Appl. Algebra, 89, 
(1993),pp. 231-235. 

E. Witten, Mirror manifolds and topological field theory, Essays on 
Mirror Manifolds (S.-T. Yau, ed.), International Press, Hong Kong, 
1992, pp. 120-159. 

A.Schwarz, Geometry of Batalin-Vilkovisky quantization, Comm. 
Math. Phys., 155 (1993), pp. 249-260. 



50 



Address: 

S.Barannikov 

IHES 

35, route de Chartres 
91440 France 



e-mail: barannik@ihcs.fr 



